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ABSTRACT
A LABORATORY MODEL STUDY OF THE
DYNAMIC RESPONSE OF A RIGHT, SIMPLE-
SPAN, BEAM- AND SLAB-TYPE BRIDGE HAS
BEEN CONDUCTED TO OBTAIN INFORMATION
ON THE NATURE OF THE TRANSVERSE DIS-
TRIBUTION OF MOMENTS AND DEFLECTIONS
IN THE STRUCTURE PRODUCED BY A
MOVING VEHICLE. THE EFFECTS OF INI-
TIAL VEHICLE OSCILLATIONS AND ROAD-
WAY ROUGHNESS WERE STUDIED.
THE MODEL OF THE BRIDGE-VEHICLE
SYSTEM CONSISTED OF A SINGLE-WHEEL,
SINGLE-AXLE, SPRUNG-MASS LOADING
DEVICE ACTING ON A SIX-FOOT SPAN ALU-
MINUM MODEL OF A BEAM-AND SLAB-TYPE
BRIDGE HAVING FIVE LONGITUDINAL GIRDERS.
THE MASS OF THE VEHICLE WAS FIXED REL-
ATIVE TO THE BRIDGE, BUT ALTERNATE
SUSPENSION SPRINGS ALLOWED TWO VEHICLE
FREQUENCIES TO BE CONSIDERED. VARIOUS
TRANSVERSE LOCATIONS OF THE LONGITUDINAL
WHEEL PATH ON THE BRIDGE DECK WERE USED.
INCLUDED IN THIS BULLETIN IS A
DESCRIPTION OF THE TEST APPARATUS, THE
PARAMETERS INFLUENCING THE DYNAMIC
RESPONSE OF THE SYSTEM, THE TRANSVERSE
DISTRIBUTION OF STATIC EFFECTS, THE
RESULTS OF TESTS WITH A SMOOTHLY MOVING
VEHICLE, RESULTS OF TESTS WITH AN INI-
TIALLY OSCILLATING VECHICLE, THE EFFECT
OF ROADWAY UNEVENNESS, A COMPARION OF
CERTAIN DYNAMIC RESULTS WITH THEORY,
AND A SUMMARY AND INTERPRETATION OF THE
RESULTS.
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I. INTRODUCTION
1.1 OBJECT AND SCOPE
The object of this bulletin is to
describe and interpret a series of small scale
laboratory tests which were undertaken to
study the response of simple-span multigirder,
beam and slab type bridges. The tests were
conducted between 1956 and 1960 as part of a
continuing investigation of the dynamic
effects induced by moving vehicles in highway
bridges conducted by the Department of Civil
Engineering of the University of Illinois.
This bulletin brings together results pre-
viously described in a number of separate
reports.
The laboratory model of the bridge-
vehicle system consisted of a single-axle,
single-wheel, sprung-mass loading device
acting on an aluminum model of a beam and
slab type bridge having five girders. The
bridge model was designed to represent a 60-ft
steel I-beam and concrete slab bridge. The
mass of the vehicle was fixed relative to the
bridge, but two possible spring stiffnesses
provided a variation in natural frequency for
the vehicle. It was possible to operate the
vehicle either with or without initial
vertical oscillations. The effects of rough-
ness on the approach pavement and bridge deck
were also simulated. The vehicle could be run
longitudinally along any prescribed transverse
position of the load path on the span. The
response of the system was determined by means
of measurements of strains and deflections on
the beams and the slab on a transverse section
at midspan.
The bulletin includes a description of
the test apparatus, instrumentation, the
parameters influencing the dynamic response of
the system, the transverse distribution of
static effects, the results of dynamic tests
with a smoothly moving vehicle, results of
dynamic tests with an initially oscillating
vehicle, the effect of roadway unevenness, a
comparison of dynamic results with theory, and
a summary and interpretation of the results.
1.2 HISTORICAL BACKGROUND
Initially, studies of dynamic effects
produced in highway bridges by moving vehicles
done at the University of Illinois and else-
where idealized the bridge as a single
prismatic elastic beam. The vehicle was
idealized as a plane multi-degree-of-freedom
system to be consistent with the single beam
bridge. Thus, the transverse distribution
effects in the bridge could not be considered.
A variety of idealizations of vehicle
behavior have been used, including moving
constant forces, moving unsprung masses,
moving spring-mass systems, and finally a
plane representation of the vehicle with
spring-mass units for each axle incorporating
frictional devices to represent damping
behavior of the vehicle axle. This latter
idealization quite adequately represents
vehicle behavior as observed in the field
when the transverse behavior of the prototype
bridge is essentially the same as for a
beam.(1)*
Clearly, the question of the relationship
between the single-beam representation of the
bridge and the prototype three-dimensional
structure must be answered to make best use of
much of the available work in the area of
highway bridge dynamics.
The beam and slab, simple-span bridge
had been investigated for behavior under
static loads, but the problem of the dynamic
response was for a long time beyond the
capability of the early, available, digital
computer systems. Thus, in 1955 plans were
made at the University of Illinois to investi-
gate the transverse distribution of dynamic
effects in highway bridges by means of a
laboratory model.
At the start of the multigirder bridge
model study, the theoretical study of single
beam idealization had been advanced through a
first generation of computer programs which
yielded results which were well verified by
laboratory tests on single simply supported
beams. More elaborate theories based on the
single beam bridge ideali7ation were
developed to consider additional parameters
to describe the behavior of the vehicle,
continuous bridges and cantilever bridges,
and eventually inelastic action; this work was
greatly aided by the laboratory results. Thus,
it was felt that the construction, test and
interpretation of the results from a labora-
tory model of the slab and beam type bridge
would aid also in the development of a theory
which would represent the bridge exactly as a
slab continuous over flexible girders. This
was indeed the case, as will be seen.
Superscript numbers in parenthesis refer to
items in list of References, Chapter IX.
1.3 DEVELOPMENT OF A MULTIGIRDER
BRIDGE THEORY
In 1958 studies were begun on the
development of a method for analysis of the
dynamic response of simple-span, right,
multigirder highway bridges under the action
of moving vehicles, taking into account the
three-dimensional properties of the bridge.
This study was undertaken by Oran as a
doctoral study (2) and was completed in 1961.
For the convenience of the reader the portions
of Reference 2 describing the development of
the theory have been reproduced in the
appendix to this report.
In this study the bridge is analyzed as
a plate continuous over flexible beams, and
both the flexibility and the torsional
resistance of the beams are taken into
account. The analysis involves two major
steps. The first step is the determination
of instantaneous values of the dynamic forces
acting on the bridge, including the inter-
acting forces between the vehicle and the
bridge and the inertia forces of the bridge
itself. The second step is the evaluation of
the deflections and moments produced in the
bridge by these forces. The second step in
the analysis is a problem of statics and is
solved by an application of the Rayleigh-Ritz
energy procedure. The deflection of the
structure is expressed as a series of func-
tions capable of approximating any deflection
configuration in both a longitudinal and
transverse directions.
The vehicle is represented by a single-
axle loading consisting of a sprung-mass and
two equal unsprung masses representing the
wheels, axle assembly, etc. The effect of the
rolling of the vehicle about a longitudinal
axis is thus taken into account. The vehicle
springs are assumed to be linearly elastic and
no damping is considered for either the
vehicle or the bridge.
The computer program based on this
theory produced the theoretical solutions used
in Section 5.8. The good comparisons which
are obtained between theory and experiments
indicate the validity of this theory. In
addition, Oran, in checking this work,
compared the results of the static portions of
the theory with the results obtained by
Newmark and Siess using what is essentially
an exact method of analysis for the assump-
tions made.
In addition to the studies of the
bridge-vehicle response problem, limited
studies were conducted on the determination
of natural frequencies of the slab and beam
type bridge. These studies by Yamada are
reported in two progress reports of the
(4,5)
Highway Bridge Impact Investigation. In
the frequency studies the bridge was idealized
both as a slab continuous over flexible longi-
tudinal beams and as an equivalent orthotropic
plate. * *
II. TEST APPARATUS AND INSTRUMENTATION
2.1 BRIDGE MODEL
The bridge model is a simply supported,
right, composite multi-beam structure with a
length of 6 ft-O in. and an over-all width of
3 ft-0 in., as shown in Figure 2.1. Built
entirely of aluminum alloy 6061-T6, it con-
sists of a 0.091-in.-thick deck plate which
is continuous over five identical beams spaced
uniformly at 7.2 in. The plate projects
beyond the centerline of each edge beam a
distance equal to one-half the beam spacing.
The beams are rectangular in cross
section with a depth of 1/2 in. and a width
of 3/4 in. and are connected integrally to
the plate by means of an epoxy resin. The
end supports for the beams consist of a steel
roller at one end and a stiff knife edge
ground to a small radius at the other end.
The weight of the model is 37.3 lbs. To
this weight the plate contributes 23.0 lbs
and the beams 13.0 lbs. The remaining 1.3 lbs,
assumed to be uniformly distributed along the
length of the bridge, represent the weight of
the gages and the lead wires. Additional
information regarding the construction details
may be found in Reference 6.
2.2 TEST VEHICLE
A diagram of the test vehicle is given in
Figure 2.2. It is a single-wheel carriage
consisting of a trolley and a loading element.
The trolley is independent of the load element
and serves only to support the spring-mass
loading element. The loading element consists
of: (1) an unsprung part that includes the
wheel and an axle with two platforms to
support the suspension springs, one on each
side of the wheel, (2) a sprung part consist-
ing of the loading plate, and (3) two coil
springs inserted between the sprung and the
unsprung parts. The loading element is free
to move vertically subject only to frictional
forces developed in the roller-bearing guides.
A photograph of the roller-bearings and load
plate is shown in Figure 2.3.
The total weight of the vehicle was
12.80 lbs, distributed as follows:
Sprung weight ........... 11.61 lbs
Weight of suspension
springs............ 0.16 lbs
Unsprung weight......... 1.03 lbs
Two values for the vehicle spring stiff-
ness were obtained by the use of interchange-
able suspension springs. While it was
possible to change the vehicle weight, only
one value was used.
2.3 LOADING AND SUPPORTING APPARATUS
A general view of the test apparatus is
shown in Figure 2.4. In addition to the
bridge model and the test vehicle already
described, the experimental setup included a
gas-operated piston catapult, a fixed approach
and exit track, two trolley rails, and an
arresting device.
An important feature of the experimental
setup is the provision for shifting the bridge
laterally as a unit so that the vehicle can
travel along any longitudinal line on the
bridge deck. The supporting apparatus for
the bridge bearing points is so constructed
that the bridge can be raised or lowered to
level the deck and to assure proper track
alignment.
The catapult consists of a nitrogen gas
supply, a gas operated piston, and a shock-
absorbing device. The apparatus can be
adjusted so that the line of action of the
piston rod and the shock-absorber coincide
with the center of gravity of the vehicle.
After crossing the bridge, the carriage
was partially arrested by an aluminum snubbing
block connected to four tension springs before
being brought to a complete stop by a hydraulic
arrester.
To provide for initial oscillation of the
vehicle, a device was provided to release the
sprung mass from an initial position above
that of static equilibrium. In the first
series of tests the device consisted of a
lever system which supported the sprung mass
above its rest position. The load was
released when the lever system struck a block
attached to the rails supporting the vehicle.
The releasing block was movable to provide a
variable release point. However, it was found
that this release system was sensitive to the
impact of the catapult and would cause the
load to be released almost immediately in many
test runs. Data from these tests were used
for the studies of release at entrance. For
subsequent tests, a modification to the system
was made so that the sprung mass was supported
on a small roller, attached to one side of the
mass, which rode on an adjustable track. The
track could be adjusted vertically to provide
the desired amplitude of initial oscillation
and terminated so that the support roller
dropped off the track starting the mass
oscillating at any desired point. It was not
possible to impart an initial vertical veloc-
ity to the sprung mass.
2.4 INSTRUMENTATION
The quantities measured in these tests
included: (1) strains on the bottom surfaces
of the five beams at midspan, (2) deflections
of the beams at midspan, (3) a qualitative
measure of the motion of the sprung mass, and
(4) the speed and position of the carriage.
The basic recording instruments for both
strains and deflections were two Hathaway
galvanometer, light-beam oscillographs. In
all tests simultaneous measurements of the
above quantities were made.
2.4.1 Strain Measurements
Strains were measured by means of
SR-4 Type A-7 electric strain gages placed in
pairs at each location. The locations of the
strain gages used are shown in Figure 2.5.
Strains were calibrated at the beginning
and the end of each roll of recording paper.
A series of test runs requiring about one hour
to complete comprised the content of a roll.
Calibration was done by means of a series of
shunting resistors paralleled with the active
gages on each strain measuring channel.
2.4.2 Deflection Measurements
Differential transformer deflection gages
were used to record defelctions. The records
were calibrated by measuring with the aid of
Ames dials the static deflections of the beams
at midspan due to the test vehicle placed at
midspan over the beams and midway between the
beams. The location of the deflection gages
is shown in Figure 2.5.
2.4.3 Vehicle Position and Speed
A 500 cps time signal was inserted in
all records using a signal generator. Five
contacting posts which closed a circuit to
cause an abrupt change in the amplitude of
the time trace indicated the vehicle position
as it crossed the bridge. The speed of the
carriage was determined from the time required
to traverse the distance between the entrance
and the midspan of the bridge.
2.4.4 Vertical Motion of Sprung Mass
The system used to measure the vertical
displacement of the sprung mass consisted of a
spring steel cantilever, affixed at one end to
the main frame of the carriage, and supported
at the other end on a roller attached to the
sprung mass. Strains in the cantilever,
measured by means of electric resistance
strain gages, gave an output proportional to
the displacement of the sprung mass. However,
since the measurement is made relative to the
frame of the carriage, the elevation of which
is fixed in space, and not relative to the
vehicle axle, it includes the effects of both
the deflection of the sprung mass relative to
the unsprung mass and deflection of the bridge
itself. * *
III. PARAMETERS INFLUENCING THE RESPONSE OF THE SYSTEM
3.1 SIGNIFICANT PARAMETERS
Presented in this section is a discussion
of the significant parameters influencing the
behavior of multi-beam bridges under the
passage of a moving vehicle. For convenience
they are presented in two groups.
3.1.1 Characteristics of the Bridge
Characteristics of the bridge are
described by a group of parameters that can
be combined into the following dimensionless
ratios:
(1) The relative beam spacing, b/L, in
which b is the transverse space of
the beams and L is the span of the
bridge.
(2) The relative flexural rigidity
factor, H, defined by the equation,
Ebl b
H =--
LN
in which
El
N 21 - v
and,
Eb = modulus of elasticity of the
material in the beams,
I = moment of inertia of the effectiveb
cross section of each beam,
E = modulus of elasticity of the
material in the plate,
I = moment of inertia per unit width of
the cross section of the plate, and
v = Poisson's ratio for the plate.
(3) The relative torsional rigidity
factor k, defined by the equation,
k GbJbDk =k bD
in which
Eh 3
D = Eh
12(1 - v2 )
E
b 2(1 - Vb)
h = thickness of the plate
J = the torsional constant for the beam
vb = Poisson's ratio for the beam.
(4) The relative weight ratio, 7, given
by the equation,
Weight of a width of slab
= equal to the beam spacing
Weight of one beam and its
tributary slab
3.1.2 Characteristics of the Vehicle or
Vehicle-Bridge System
Characteristics of the vehicle or vehicle-
bridge system are described by a second group
of parameters as follows:
(5) The weight ratio, R, defined as,
R = Total weight of vehicle
Total weight of bridge
(6) The weight distribution parameter,
R , given by the equation,
R w Weight of sprung part of vehicle
w Weight of unsprung part of vehicle
(7) The speed parameter, a, defined by
the equation,
vTb
2L
in which v is the speed of the vehicle, Tb is
the fundamental period of the bridge and, as
previously noted, L is the span of the bridge.
(8) The frequency parameter, v , defined
as,
Natural frequency of sprung
CD _part of vehicle
v Fundamental natural frequency
of bridge
(9) The parameters used to specify the
magnitude of the initial oscillation of the
vehicle:
a = initial displacement of the sprung
mass of the vehicle measured from
the static equilibrium position.
Ast . static deflection of the sprung
mass on the vehicle springs.
(10) To specify the roughness of the
bridge deck:
e = height of the half-wave surface
irregularity
I - length of the half-wave surface
irregularity
Of the above, only parameters (1), (2),
and (3) are required to define the distribution
of static effects in an I-beam bridge, whereas
parameters (4) through (10) are required in the
analysis of the dynamic response of the bridge.
3.2 VALUES OF PARAMETERS FOR TEST PROGRAM
For the test program described herein,
the values of the fundamental parameters were
as follows:
b/L = 0.1
H = 5.8
7 23.83 = 0.6437.3
The following values were used in the computa-
tion of H:
Eb = E = 10 7 lb/in.2
1b = 0.0291 in.
4
L = 72 in.
I - 628 x 10~ 7 in. 3
v = v b - 0.32
The quantity Ib was taken to be the moment
of inertia of a section composed of a beam
and a width of plate on either side equal to
half the spacing between beams. The quantity
7 was evaluated on the assumption that the
weight of 1.3 lbs for the gages and the lead
wires is distributed between the beams and the
slab in proportion to their respective weights,
i.e., 13 and 23 lbs.
The weight parameters were:
R = 12.80 - 0.34
37.3
R = 66 = 10.2
w 1.14
The weight of the springs was added to the
sprung and unsprung weights in the proportion
of 1/3 and 2/3, respectively.
The speed parameter a was varied from
0.06 to 0.17 for the majority of the tests.
The natural frequencies of the sprung load for
the two sets of vehicle springs used and the
fundamental frequency of the bridge, as deter-
mined experimentally, were as follows:
Sprung Load, f Bridge Model, f
Spring "A" Spring "B" (fundamental)
3,39 cps 5.50 cps 10.0 cps
In all cases the experimentally determined
values agreed closely with the computed
frequencies. The two dimensionless frequency
ratios are thus TV = 0.34 and 0.55.
The values of the parameters presented in
the above paragraphs are representative of a
60-ft, non-composite design, I-beam bridge,
composed of steel girders with a concrete deck
and designed for an H-15 or H-20 loading. It
should be noted that while the bridge is
assumed to be non-composite in design, the
actual behavior of the bridge under a single
vehicle loading will usually be composite in
nature, or nearly so. Bridge behavior during
free vibration is almost always composite.
For this reason, it seemed reasonable to use a
composite bridge model, that is, to bond the
supporting beams with an epoxy resin to the
aluminum deck. An exact modeling of the
friction bond developed between a concrete
deck and steel flanges of the supporting beams
would be difficult.
However, there is a dissimilarity between
the "prototypd' and the test structure. For
the actual bridge the torsional rigidity of
the beams relative to that of the slab is
normally too small to be of any practical
consequence. Following the procedure used in
Reference 4, the torsional rigidity of the
beams will be measured by the dimensionless
Gb b
parameter, k - .- . For the test model
k = 20. (The details of the computation of k
are given in Section 4.4.) The corresponding
value for the "prototype" is of the order of
0.1
It should be noted that with regard to
the sprung loading used, that the frequency
and weight ratios are representative of a
typical heavy vehicle, H20-S16, relative to
the 60-ft bridge. However, in all other
respects the vehicle does not represent the
actual three-axle heavy design vehicle, or a
heavy five-axle truck-trailer combination
representative of highway conditions.
Because of difficulties in construction and
operation of the vehicle model, no attempt was
made to have a two-wheel, single-axle load as
considered in the theory presented in
Section 1.3.
Additional parameters which affect the
dynamic response of bridges, are the damping
of the vehicle and of the bridge. The
logarithmic decrement for the bridge was
determined experimentally to be equal to 0.04.
A detailed discussion of damping in the vehi-
cle is presented in Chapter 6.
For reference, the dimensions and physical
characteristics of the bridge and the vehicle
are summarized in Table 3.1. * *
IV. TRANSVERSE DISTRIBUTION OF STATIC EFFECTS
4.1 GENERAL
In this chapter are summarized the test
results for static loadings. The magnitude of
the maximum strains and deflections of the
five beams at midspan were determined for five
transverse positions of the sprung vehicle
placed as a static load. These results were
then compared with those predicted on the basis
of the theoretical solutions given in
Reference 3.
The strain data reported here were
determined from crawl tests for which the
vehicle speed was about 3 in./sec. The
deflection data were determined from station-
ary load tests, with the deflections measured
by means of Ames dials. Typical crawl records
for strain and deflection are presented in
Figure 4.1. Record (a) shows the variation
of the strains at the bottom of the five beams
at midspan as the load moves slowly over
beam B, and record (b) shows similar informa-
tion for a load moving along a line midway
between beams B and C. The deflection record
corresponding to the latter position is given
at the bottom of the figure. The vertical
lines identified as "Entrance" and "Exit" mark,
respectively, the instants at which the vehicle
enters and leaves the span.
In record (a) the trace for beam B is
typical of that obtained for a beam directly
under the load. Similarly, in record (b) the
traces for beams B and C are typical of those
obtained for a beam located at one-half the
beam spacing away from the load. As the
distance between the beam and the load
increases, the sharpness of the peak in the
strain trace for that beam decreases. For a
beam located one or more beam spacings away
from the load, the shape of the strain
diagram is approximately sinusoidal. The
deflection traces in (c) are typical of those
obtained for any transverse position of the
load on the bridge.
4.2 TABULATED RESULTS
The test results are summarized in
Tables 4.1 and 4.2. In Table 4.1 are given
values of strain at the bottom of the five
beams at midspan for loads at midspan. The
load was applied over beams A, B, and C, and
over lines midway between beams A and B and
between beams B and C. The two latter posi-
tions are designated by the symbols AB and BC,
respectively. The corresponding deflections
are given in Table 4.2.
These values are averages of six or more
measurements. For strains lower than
100 ui - in./in., the maximum difference
between the average and an individual measure-
ment was 3 u - in./in. The absolute maximum
difference of 4 i - in./in. was obtained for
beam A when the load was applied over the same
beam. For deflections, the highest deviation
from the reported average values was 0.002 in.
or less in all instances.
Strains and deflections were also
measured with the load applied over beams D
and E. These measurements showed that values
which because of symmetry should have been
identical were, in fact, equal.
4.3 INFLUENCE LINES FOR MOMENT AND DEFLECTION
From the data presented in Tables 4.1 and
4.2 influence lines have been prepared for
moment in and deflection of the beams at
midspan, for a concentrated load applied across
midspan. These results are represented by the
solid curves in Figures 4.2 and 4.3, respec-
tively. Moments are expressed in terms of PL
and deflections in terms of PL /Eb b, where P
denotes the magnitude of the concentrated
force.
Moments were computed from measured
strains by use of the ordinary flexure formula
for beams,
M 0b Eb b
m = -
=  
- - (5)
c c
and they were expressed in the form,
M = 1 PL. (6)
m
In these equations, 7 and e represent,
respectively, stress and strain, Ib represents
the moment of inertia of the effective cross
section on the beam as previously defined, and
c denotes the distance from the neutral axis
of the effective cross section to the fiber at
which the strain was measured. Substitution of
Equation (5) into Equation (6) yields the
following expression for the computation of the
influence coefficient for moment, i ,
Ebl b
m PL (7a)
With the values given Table 3.1 and c = 0.438
in., Equation (7a) becomes,
i = 0.721 x 10-3
m
where e is expressed in p-in./in.
Influence coefficients for deflection,
id, were obtained from measured deflections A
by use of the expression,
S Ebl b
d L3P
which, upon substitution of the appropriate
values of the various parameters, becomes,
d - A
d 16.42
Here, A is expressed in inches.
The presentation of the strain data in
the form of influence coefficients for moment
is justified only on the assumption that
(1) the structure is symmetrical with respect
to the longitudinal centerline, (2) moments
and deflections are linear functions of load,
(3) the flexure formula 7 = Mc/1 is applicable,
and (4) the values of the section modulus and
moment of inertia are constant and equal for
all beams. Only assumptions (1), (2), and (4)
are necessary in the computation of the
influence coefficients for deflection. That
assumption (1) is justified has already been
mentioned. The applicability of assumption (2)
was also verified for the range of deforma-
tions involved in the present test program.
The remaining two assumptions obviously are
not strictly valid. However, for the magnitude
of the load used, the longitudinal strains at
the top of the plate were too small to be
reliable, and because of this fact, no attempt
was made to investigate from such measurements
the degree of approximation involved in these
assumptions.
4.4 COMPARISON WITH THEORETICAL RESULTS
It is of interest to compare the experi-
mentally determined influence lines with those
obtained from the theoretical results given
in Reference 3 and with a more refined analy-
sis which considers the effect of torsion in
the beams.( 1 5) In the first set of solutions
the influence of composite action is taken
into account approximately by using an effec-
tive moment of inertia for the beams. It is
assumed that the beams offer no torsional
restraint and that Poisson's ratio for the
slab is equal to zero. The actual value of
Poisson's ratio is considered only in the
evaluation of the flexural stiffness factor, H.
Influence coefficients for moment and
deflection are given in Reference 3 for various
values of H; the results for H - 5.8 were
obtained by interpolation and are presented
in dashed lines in Figures 4.2 and 4.3. It is
seen that the theoretical influence lines
differ considerably from those determined
experimentally. The maximum values of the
experimental curves are consistently smaller
than those of the corresponding theoretical
curves, the difference between the two sets of
results becoming most pronounced for a load
applied over an edge beam. This discrepancy
between theory and experiment is attributed
to the fact that the theory used does not
consider the torsional rigidity of the beams.
To take into account the effect of
torsion in the beams the following analysis
was made by Oran.(15)
The composite structure was replaced by a
noncomposite structure having the same beam
spacing and length, but a width of plate equal
to the distance between the two outer beams,
as shown in Figure 4.4a. The moment of
inertia of each beam in the replacement struc-
ture was taken equal to that of a cross section
composed of the beam in the original structure
and a section of the plate equal to the beam
spacing. Poisson's ratio was assumed to be
equal to zero, except when evaluating the
relative rigidity factors H and k. The
remaining assumptions are the same as those
used in Reference 3.
As before, the parameters considered
are the ratio of beam spacing to span length,
the relative flexural rigidity factor H, and
tne relative torsional rigidity factor k as
defined previously. The torsional constant Jb
required to compute k was evaluated for a
rectangular section having the width of the
actual beam and a depth equal to the combined
depth of the beam and the plate, as shown in
Figure 4.4b. Making use of the data given in
Reference 14, one finds that
Jb - 0.173 bd 3 - 0.173(0.75)(0.591) 3
- 0.0268 in.4 .
Noting that vb = v - 0.32, and that
G Eb 12(1-v2)= 4.08
boD 2-(+Vb b Eh3  b h3
o o
one finds that k - 20.1.
If it is assumed that the portion of the
slab on either side of the beam is effective
in torsion, the quantity Jb can be determined
approximately by adding to the value deter-
mined before the quantity - b'h , where G
.b 3
denotes the shearing modulus of elasticity of
the material in the slab, and b' denotes the
width of the additional slab. Since G - Gb ,
the result for the section shown in Figure 4.4b
is
Jb = 0.0268 + -(6.45)(0.091) 3 - 0.0284 in. 4
and k - 21.4.
In view of the uncertainty involved in
the determination of the exact value of k,
the solutions reported here were obtained for
a value of k = 20. Solutions were also
obtained for a value of k = 0.
All solutions were obtained by use of
the Rayleigh-Ritz energy procedure. For
convenience, the load on the structure was
decomposed into symmetrical and antisymmetrical
components, as shown in Figure 4.5, and the
effects of the total load was evaluated by
superposing the effects of the component loads.
For symmetrical components of load, the
deflection of the structure was taken in the
form
7
w = + sin n-y sin m xaSLLamo L mn sn b j a
m=l ,3, n - 1,3
and for antisymmetrical components, it was
expressed as
w -1 [, -3,
m= ,3,
8
+ mo sin nny sin mx
mn b a
n=2,4
The x-coefficients for each value of m are
evaluated from the solution of a set of
simultaneous algebraic equations. In each
case, only the first five terms of n are
considered. For symmetrical loads, this
corresponds to values of n equal to 0, 1, 3,
5, and 7, and for antisymmetrical loads to 0,
2, 4, 6,and 8. In the computation of the
results presented here, only the first four
values of m were considered. In general,
satisfactory convergence was obtained for both
deflections and bending moments. The results
are summarized in Tables 4.3 and 4.4.
For the beams away from the load, bending
moments were computed from deflections in a
straightforward manner. However, for the beam
directly under the load, the rate of conver-
gence was not as rapid as for the other cases,
and the following procedure was used. The
actual moment in the beam, M, was expressed as
M = M' - M"
where M' represents the moment computed on
the assumption that the entire load is carried
by the beam directly under the load. This
moment can be determined from statics; for a
concentrated load P applied at midspan, its
value at midspan is 0.25 PL. The quantity M'
represents the difference between the moment
M' and the actual moment M. Now let M and M'
be expressed as Fourier series, and let M
and M' be the m component of these series.
m
Then
M" ,= (M' - M )/ 'm m'
M = M' - 3(M' - M )m m
m
It should be noted that M is the moment
m
corresponding to the mt h term of the solution,
and that M' is the mth term in the Fourier
m
series representation of M', which can be
determined readily. Although the series
EM' and Mm individually do not converge
rapidly, their difference
(M' - Mm)
does converge rapidly, and therefore M can be
determined reliably from Equation (13) by
considering only a few values of m.
The computed values of deflection and
bending moment of the beams at midspan are
summarized in Tables 4.5 and 4.6. Also
included in these tables are the experimentally
determined values from Table 4.1 and 4.2 and
the theoretical results presented previously.
It should be noted that the results of the
refined solution for k - 0 are, for all
practical purposes, identical to those
determined previously.
In Figures 4.6 through 4.9 the measured
and computed results are presented graphically
in the form of influence lines. It can be
seen that consideration of the torsional
rigidity of the beams accounts for the
greatest part of the difference between the
experimental results and the theoretical
predictions based on k - 0. In general, the
agreement between the experimental data and
the computed values for k - 20 is satisfactory.
The small differences that do exist are
probably due to the approximate manner in
which the effect of composite action was taken
into account and to the fact that Poisson's
ratio was considered to be equal to zero.
4.5 COMPARISON OF INFLUENCE LINES
FOR MOMENT AND DEFLECTION
In Figure 4.10 the experimentally
determined influence lines for maximum static
moment in the beams at midspan are compared
with the corresponding influence lines for
deflection. To provide a common basis for
comparison, moments are expressed in terms of
the total static moment at midspan, PL/4, and
deflections are expressed in terms of the
quantity PL 3 /48Eb Ib. As one m;ght have
predicted from theoretical considerations, the
influence lines for deflection are more nearly
uniform than the corresponding influence lines
for moment. * *
V. DYNAMIC TESTS WITH A SMOOTHLY MOVING VEHICLE
5.1 TEST PROCEDURE
Tests were conducted with the load
moving directly over beams A, B, C and over
paths which are denoted AB and BC midway
between the beams. For those tests for which
the load was directly over a beam, the speed
parameter a was varied from 0.06 to 0.17.
This range of a-values corresponds to truck
velocities from about 30 mph to 90 mph on a
prototype structure having a 60-ft span. For
positions of the load between beams, the range
of a-values considered was from 0.10 to 0.17.
Duplicate runs were made for each catapult
setting. In varying the vehicle speed,
although equal increments of pressure in the
catapult were taken during the tests, the
corresponding increments of a were not uniform
because of energy losses which could not be
controlled. For the same reason, repeated
tests with identical pressure settings did not
produce identical speeds in the vehicle.
Each series of tests started with
alignment and leveling of the model at the
desired transverse position. The gap between
the approach track and the model was held at
about 0.002 in. horizontally and at less than
0.0012 in. vertically.
During the early stages of the test
program frequent checks of the fundamental
frequency of the model were made for each
series of tests. The procedure used consisted
of depressing the center of the bridge and
releasing it suddenly, whereupon strains and
deflections of the beams at midspan were
recorded. This practice was discontinued when
the value of fundamental frequency was found
to be essentially constant. A sample record
of a free vibration test of the bridge is
shown in Figure 5.1.
Two crawl tests were performed at the
beginning and at the end of each roll of
recording paper and at intermediate intervals
of from 12 to 16 test runs. This large number
of crawl tests was necessitated by presence of
electrical drift in the recording instruments.
This drift was taken into account in the
reduction of the records, as discussed in
Section 5.3.
5.2 TYPICAL RESULTS
5.2.1 Characteristics of Strain and
Deflection Records
Typical dynamic records of strain and
deflection are presented in Figures 5.2 and
5.3. The records at the upper part of these
figures show the variation of the strains at
the bottom of the five beams at midspan as the
load crosses the span over beam B. The
remaining records show the variation of the
corresponding deflections. The curves in
Figure 5.2 are for a value of a = 0,147, while
those in Figure 5.3 are for a value of a =
0.161. Scales for the various traces are
given at the left end of each record. The
time scale applicable to each figure is also
indicated. The general characteristics and
the quality of the records given in Figures
5.2 and 5.3 are representative of those
obtained for all transverse positions of the
load and the entire range of speeds.
In Figure 5.4 is shown the variation of
strains in the five beams as the vehicle moves
over beam A for a value of a - 0.160. These
curves are replotted from the original records
using a common scale so that the relative
magnitude of strains in the various beams can
readily be compared. To provide a basis for
comparing the magnitude of the dynamic effects,
the results of crawl tests have been included
as dashed lines. Similar curves are presented
in Figures 5.5 and 5.6 for a load moving over
beams B and C, respectively. Corresponding
records for deflection are given in Figures
5.7 through 5.9.
In Figures 5.6 and 5.9 only three sets of
curves are presented because for the symmetri-
cal loading with the vehicle moving over
beam C, the effects produced in beams A and B
were nearly identical to those produced in
beams E and D, respectively.
In replotting of these curves, small high
frequency waves present in the original records
were smoothed. The relative significance of
this smoothing may be seen by comparing the
curves given in Figures 5.5 and 5.8 with those
given in Figure 5.3. The latter represent the
original records from which Figures 5.5 and
5.8 were reduced.
The following observations can be made
with regard to the general nature of the
results presented in Figures 5.2 through 5.9.
Unless noted differently, these remarks apply
also to all other records obtained for the
smoothly moving vehicle.
(1) Each dynamic trace is characterized
by a well-defined oscillation about a "mean"
curve having the general shape of the
corresponding crawl trace. The predominant
frequency of this oscillation is approximately
equal to the natural frequency of the bridge.
(2) The "mean" curves do not, in general,
coincide with the corresponding crawl curves.
The greatest difference between the two curves
occurs in an edge beam when the load is placed
over that beam. For a load applied over the
central beam, the difference between the two
curves is approximately the same for all the
beams, whereas for a load applied over an edge
beam the difference decreases rapidly with
increasing distance from the load.
(3) Possibly the most striking character-
istic of these records is the fact that,
irrespective of the transverse position of the
load, the oscillations in the strain and
deflection traces for the various beams are in
phase with one another. This is true both
while the vehicle is on the span and also
after it has left the span. The implication
to be drawn from this observation is that the
dynamic response of the bridge is pre-
dominantly the result of the excitation of
the fundamental mode of the bridge.
(4) The longitudinal position of the
load for which the deflection or strain of a
beam is maximum depends on the particular
effect considered and also on the transverse
position of load. In general, the maximum
deflection of all five beams occurs simul-
taneously for all transverse positions of the
load.
The results described in (4), above, can
be explained in terms of the observation made
previously to the effect that each dynamic
trace can be considered to be the combination
of a curve having the general shape of the
corresponding crawl trace and an oscillatory
curve of constant frequency. It follows then
that the location of the maximum value should
depend not only on the speed of the vehicle
(i.e., the number of waves present in the
trace), but also on the shape of the crawl
curve. If within a certain region the crawl
curve is fairly flat, the combined maximum
value in that region will occur at the point
at which the component oscillatory curve is
maximum. If, on the other hand, the crawl
curve has a sharp peak, then the combined
maximum is likely to coincide with the loca-
tion of the peak, unless, of course, the
contribution of the oscillatory curve is quite
large. This relationship will be discussed in
more detail in Sections 5.4 and 5.5.
5.2.2 Excitation of High Frequency Waves
While the predominant oscillations in the
history curves have a frequency corresponding
to the bridge fundamental, it should be noted
that several of the records include oscilla-
tions having higher frequencies. Such
oscillations were found only in the strain
records. In general, they were of small
amplitude and their contribution to the value
of the maximum strain was for all practical
purposes negligible. Random disturbances of a
very high frequency and very small amplitude,
which can best be attributed to electrical
"noise," are not included in this discussion.
To a very large extent the conditions at
the entrance of the bridge seemed to be
responsible for the excitation of this high
frequency vibration. Mention has already been
made of the maximum limits set for the vertical
and horizontal distances between the approach
track and the bridge model. Whenever these
limits, particularly on the vertical align-
ment, were exceeded, the high frequency
oscillations became noticeable.
The strain records in Figure 5.10 are
presented as an illustration of this point.
The two sets of traces were obtained under
almost identical conditions. The magnitude,
transverse position, and speed of the load
were identical, but the conditions at the
entrance differed slightly, For the test run
corresponding to the traces in the upper part
of the figure, the distances at the entrance
were in excess of the limits referred to
previously, while for the run corresponding
to the traces at the bottom of the figure,
these limits were properly met. The high
frequency oscillations in the upper record
are representative of those excited by small
discontinuities at the bridge entrance. They
have a complex appearance, are most pronounced
when the vehicle first enters the span, and
damp out rapidly. Even when they were more
pronounced than those shown in Figure 5.10a,
these high frequency waves had no influence
on the value of the maximum strains recorded,
as they were completely damped out by the time
the vehicle reached midspan.
Some of the strain records included
high frequency oscillations of an entirely
different type. These oscillations were
excited during the passage of the vehicle
over the bridge rather than by the discon-
tinuity at the entrance. Representative
examples of such oscillations are shown in
Figure 511. The strain traces in (a) are for
a load over beam A and a value of a = 0.17;
those in (b) are for a load over BC and a
value of a = 0.14.
The high frequency waves present in these
traces are fairly systematic; the amplitude of
the waves increases from a negligible value at
the origin to a maximum value at about the
first quarter point of the span and then
diminishes. In some of the records the
amplitude was found to increase again beyond
midspan; however, the highest amplitude
between midspan and the exit was consistently
lower than that at about the first quarter
point. These waves are in phase for all five
traces and have a predominant frequency of
approximately 9 times the fundamental
frequency of the bridge, or about 90 cps. It
appears that these waves correspond to a mode
of oscillation for which the bridge vibrates
essentially as a single beam with three
half-sine waves along the length of the span.
Oscillations of this type were most pronounced
and most consistently found in the records
obtained with the load moving over beam A,
especially for the higher range of speeds and
never with a-values less than about 0.10. For
other positions of the load they were present
at random, and for load position B they could
not be detected at all.
5.3 TOTAL DYNAMIC MOMENT AND DEFLECTION
AS A FUNCTION OF SPEED
In Figures 5.12 through 5.15 are plotted
values of maximum dynamic moment in the five
beams at midspan as a function of a for five
transverse positions of the load. For example,
the results given in Figure 5.12 are for a
load moving over beam A. Similar plots for
maximum dynamic deflections are given in
Figures 5.16 through 5.19. In all cases
CP = 0.34. To avoid ambiguity, whenever the
test data for two different beams are close to
each other, they are identified by different
symbols.
Included in these figures are the values
of the maximum static moments or deflections
at midspan. The difference between the
ordinate of a given point and the ordinate of
the corresponding static quantity represents
the dynamic increment for maximum effect.
The following procedure was used to
compute the values given in these figures.
For each trace of a particular dynamic record
the maximum excursion of the dynamic trace
was measured and two corresponding static
excursions were then determined from the crawl
records obtained immediately before and after
the particular dynamic test considered. Since
the maximum excursions for the two crawl
records were generally not identical, an
interpolated value was used. Found to be
small in all instances, the difference
between the two crawl readings was assumed to
be a linear function of the number of dynamic
runs included between the crawl tests. From
these quantities the ratio of the maximum
dynamic effect to the corresponding maximum
static effect, or amplification factor, was
evaluated. For strains the amplification
factor was multiplied by the appropriate
value in Table 4.1 to obtain the magnitude of
the dynamic strain in i-in./in., and for
deflections the values in Table 4.2 were used.
The strains were converted into moments and
expressed in terms of PL by use of Equation
(7b) and deflections were expressed in terms
of PL3/Eb Ib by use of Equation (8b).
In general, the reproducibility of the
test results is quite good for the low and
medium ranges of speed. Even for the high
range of speeds the experimental scatter is
not excessive.
5.4 DISTRIBUTION OF DYNAMIC INCREMENTS
ACROSS MIDSPAN
5.4.1 Dynamic Increment History Curves
The nature of the transverse distribution
of response can be more easily understood from
consideration of the time-history curves for
dynamic increment for moment or deflection.
Data presented in this form are shown in
Figures 5.20 through 5.32. Figures 5.20
through 5.27 are for a value of Vp a 0.55.
Figure 5.20 shows the history of the
dynamic increments for strain at midspan of
the five beams for a load moving over the
central beam. The ordinate of each plot
represents the value of dynamic increment
divided by the maximum static value for the
loaded beam. The abscissa, 6, is a measure of
the position of the vehicle relative to the
bridge entrance, expressed as a fraction of
the total length of the bridge. Figure 5.21
gives the instantaneous distribution of strain
in the five beams across midspan for various
positions of the load, as defined by the
parameter ý. The particular values of
chosen correspond to the peaks of the waves
in the dynamic increment curves. The ordinates
are expressed in terms of the maximum static
effect in the loaded beam. The abscissa
represents beam locations. For convenience,
the data points are connected by straight
lines.
From Figures 5.20 and 5.22 it can be seen
that the response histories for the various
beams are quite regular and in phase with one
another. The transverse distributions of
dynamic increments shown in Figures 5.21 and
5.23 are generally quite uniform, except in
the case of strains when the load is near
midspan, i.e.,for values of E close to 0.5.
In this case, the dynamic increment curve for
the loaded beam is larger than for the other
beams.
In Figures 5.24 through 5.27 similar
results are presented for a load moving over
the edge beam, A. The response of the loaded
beam A is significantly different from that of
the beam furthest away from the loaded beam.
The transverse distributions of effects are
less uniform, as can be seen from an examina-
tion of Figures 5.25 and 5.27. The non-
uniformity is particularly pronounced for
strains and load positions near midspan.
It is of interest to compare the dynamic
increment curves for the loaded beam when the
load is over beam C and over beam A. With the
load over beam C, the dynamic increment curves
for both strain and deflection may be described
as symmetrical about the value of ý corre-
sponding to the peak dynamic increment.
However, when the load is over the edge beam,
the corresponding curve for the loaded beam
shows an upward shift for the load positions
past midspan. This difference is attributed
to an increased vehicle response which devel-
ops more strongly near or past midspan when
the load runs over beam A. The distortion of
the vehicle springs and, consequently, the
axle load is dependent upon the total
deflection of the deck under the axle. When
the load is over beam A, because of the
greater deflection of the loaded beam, the
bridge appears to be more flexible to the
vehicle than when the vehicle is moving over
beam C. The maximum static deflection in the
loaded beam when the load is over beam A is
40 per cent greater than when the load is over
beam C.
In Figures 5.28 through 5.32 are given
the data corresponding to a value of v 
0.34. In this case, the transverse distribu-
tion of dynamic increments is given only for
the longitudinal position of the load producing
the maximum effect in the loaded beam. It can
be seen that the results are essentially the
same as those presented for Tv = 0.55. As
before, the transverse distributions are more
uniform when the load is over beam C than
when over beam A. Also the distribution of
dynamic increments for deflection is more
uniform than that for strains.
5.4.2 Discussion of Transverse Distribution
of Effects
The transverse distribution of dynamic
increments in the bridge for load positions
close to midspan can be thought of as being
composed of two components. The first
component, of nearly uniform distribution,
represents the effect of the inertia forces
of the bridge when the bridge is vibrating in
its fundamental mode. The second component,
considered to be proportional to the static
distribution of effects, is attributed to an
increase in the axle load above the static
value.
Since the static distribution of
deflections across the bridge is in general
more uniform than for moments, it would follow
from this explanation that the distribution of
dynamic increments for deflection must like-
wise be more uniform than for moment.
Moreover, since when the load is running over
beam C the static distribution of effects
across the bridge is more uniform than when
the load is over beam A, the dynamic increments
must also be more uniform in the latter case.
The above reasoning is in agreement with
the results that have been presented. Let
(D.I.)L be the maximum dynamic increment at
midspan of the loaded beam, and (D.I.). be the
dynamic increment for the it h beam correspond-
ing to the same position of the load. Then
the above hypothesis for the transverse
distribution of effects may be represented by
the equation
(D.I.)i - [c + (1-c)di] (D.I.)L (14)
where c is a fraction representing the propor-
tion of the total dynamic increment which is
uniformly distributed, and d. is a factor
denoting the static distribution of effects.
For deflections, d. is defined as
d i  (Yst i /  st L
where (yst ) is the maximum static deflection
for the ith beam and (y st)L is the correspond-
ing deflection for the loaded beam. The
quantity d. for strains represents, similarly,
the ratio of the maximum static strain in a
beam to the corresponding strain in the loaded
beam. This equation is intended to apply only
to the load position producing the maximum
dynamic increment at midspan of the loaded
beam. No attempt has been made to estimate
the transverse distributions for other posi-
tions of the load. In fact, the results
presented indicate that the transverse
distribution of dynamic increments is more
uniform at the early stages of loading when
response in the fundamental mode predominates,
than at times corresponding to the maximum
dynamic increment.
In Figures 5.33 and 5.34 the distribui
tions predicted by Equation (14) are compared
with the actual distributions obtained for a
load moving over beam C and beam A. The
ordinates represent the ratio (D.I.)./ (D.I.)L
The experimental results are represented by
the heavy lines. Results are given for both
values of v considered, except for the case
where the load is over beam C. In the latter
case, the results corresponding to ?v = 0.34
are omitted because they are quite unsymmet-
rical about the center beam and their accuracy
is questionable. The dashed lines represent
the ratio (D.I.)i/ (D.I.)L as determined from
Equation (14) for the particular values of c
indicated on the plots.
It can be seen from these plots that the
value of c which best fits the experimental
data is, strictly speaking, a function of both
the frequency ratio and the transverse posi-
tion of the load. Obviously, it should also
be dependent on the speed parameter a. For
example, it can be seen that the value of c
for a load over beam C is larger than that for
a load over beam A, and that, for the latter
position, the value of c for Tv - 0.55 is
larger than that for Pv - 0.34. If one were
to select a single value of c, a value of
about 0.4 would be acceptable. This result
means that only 40 per cent of the dynamic
increment is uniformly distributed across the
width of the bridge.
One might be tempted to attribute the
shape of the distributions presented in
Figures 5.25 and 5.27 to the excitation of the
torsional (first antisymmetrical) mode of
vibration of the structure. However, this
explanation cannot be justified by the time
histories shown in Figures 5.24 and 5.26. If
the torsional mode of vibration had been
excited to any appreciable extent, the
deflection and strain traces would have
included waves of a frequency approximately
equal to the natural frequency of the first
torsional mode of vibration. These waves
would have been most pronounced in the traces
of beams A and E, and they would have been
absent from those of beam C. The natural
frequency of the first torsional mode was
estimated analytically to be about 17 cps.
Waves of such a frequency were not detected in
any of the records. Furthermore, for a load
moving over beam A the oscillations in the
strain and deflection traces for beams C and E
were almost identical. One is forced to
conclude that for the model tested the contri-
bution of the torsional mode of vibration is
for all practical purposes negligible.
5.5 AMPLIFICATION FACTORS FOR MAXIMUM EFFECTS
The term amplification factor is used to
denote the ratio of the maximum dynamic effect
at a specified point in the structure to the
corresponding maximum static effect. From the
influence lines given in Figure 4.10 it can be
seen that the maximum static effect in a beam
occurs when the load is directly over that
beam. With one exception noted in the follow-
ing, the corresponding dynamic effects occur
for the same transverse position of the load.
In Figures 5.35 through 5.37 are given
amplification factors for maximum deflection
and moment in beams A, B,and C as a function
of speed. In each case the load is directly
over the particular beam considered. The
experimental data are shown as dots with
average lines drawn to emphasize the trends.
Dotted lines are used for those ranges of a
for which the test data are insufficient to
define the shapes of the curves,
To permit a direct comparison, the three
curves for deflection are reproduced in the
upper part of Figure 5.38, and the corre-
sponding curves for moment are reproduced in
the lower part of this figure. For the high
range of speeds the maximum deflection in
beam B occurs when the load is over beam A
instead of over beam B; thus, the curve
identified as B does not correspond to the
absolute maximum effect. The latter effect is
represented by the curve B. It is noted that
the amplification factors for maximum
deflection are generally greater than those
for moment.
5.6 INFLUENCE DIAGRAMS FOR MAXIMUM
DYNAMIC EFFECTS
The solid line in Figure 5.39 represents
an influence line for deflection at midspan of
beam A due to a static load at midspan. The
dots represent dynamic influence coefficients
for maximum dynamic deflection at the same
point. Two different speed ranges are
considered: the full dots represent the
averages of all the available test data for a
range of speed parameters from a - 0.160 to
0.170; the circles represent corresponding
results for a range of a from 0.135 to 0.145.
Similar information for beams B and C is given
in Figure 5.40. Influence diagrams for maxi-
mum dynamic moment, similar to those given for
deflection, are presented in Figures 5.41 and
5.42.
If there are several loads on the bridge,
it is physically apparent that the vertical
motion of each load, and consequently the
force which it exerts on the bridge, depends
on the motions of the other loads. It follows
that for moving loads the dynamic influence
lines cannot be used to predict the effect of
multiple wheel loads, as it is possible to do
using static influence line.
5.7 EFFECT OF VEHICLE FREQUENCY
A limited series of tests was conducted
to obtain information on the effect of vehicle
frequency on the response of the test model.
Tests were run with a vehicle having a
natural frequency of vibration of 5.5 cps
(CD - 0.55) to be compared with f = 3.4 cps
(cv 0.34). Data were obtained for deflec-
tions and strains with the load applied over
beam A and beam C. Expressed as amplification
factors, the values of maximum deflections
and strains are reported for the loaded beams
only. These results are presented in Figures
5.43 and 5.44 in the form of spectrum curves.
Figure 5.43 is for a load over beam A, and
Figure 5.44 for a load over beam C. Included
in these figures are the results for cp = 0.34.
It can be seen that in general the maxi-
mum effects are larger for the higher
frequency; the increase is on the order of
5 to 10 per cent. There is also a phase shift
in the oscillations of the spectrum curves.
In this connection, it is seen that for values
of a greater than about 0.16 there is a drop
in the values of strains for Tv = 0.55, which
does not occur in the case of cP 0.34. This
difference appears to be a consequence of the
phase shift, which for c = 0.55 has brought
the peak of the spectrum curve within the
range of values a considered.
In comparing the results for the two
vehicle frequencies, it should be noted that
in the interval between the two test series,
both the bridge damping and vehicle damping
have increased.
5.8 COMPARISON OF THEORETICAL AND
EXPERIMENTAL RESULTS
Theoretical predictions of the response
of the model were made by Oran using the
theory mentioned in Section 1.3. The results
of the comparisons of these predictions with
the experimental results are presented in
Figures 5.45 through 5.48. For these
comparisons a = 0.16 and Cv = 0.55.
In Figure 5.45 are given history curves
for total deflections (i.e., sum of static
value and dynamic increment) at midspan of
beams A, 8, and C, produced by the vehicle
moving over beam C. In Figure 5.46 are shown
the same results, expressed in the form of
history curves for dynamic increments. The
corresponding curves for dynamic increments of
strains at midspan are given in Figure 5.47.
Included in Figures 5.46 and 5.47 are the
experimental curves for beams D and E. It is
seen that, although the structure and loading
are presumably symmetric with respect to the
longitudinal center line, the experimental
results for the responses of the symmetric
beams are not identical. These differences,
which are generally small, may be considered
as measures of the uncertainties about the
properties of the system and the reliability
of the experimental data. The agreement
between the theoretical and experimental
curves presented in Figures 5.45 and 5.47 is
generally satisfactory.
In Figure 5.48 are given history curves
for the dynamic increments of strains produced
at midspan of the beams by the load running
over beam A. The agreement between theoretical
and experimental data, although not as good as
in the previous case, is still satisfactory.
VI. TESTS WITH AN INITIALLY OSCILLATING VEHICLE
6.1 AMPLITUDE OF OSCILLATION AND
VEHICLE DAMPING
The amplitude of the initial vertical
motion of the vehicle was set at various
prescribed percentages of the static deflec-
tion of the vehicle sprung mass on the suspen-
sion springs. However, the initial amplitude
of the motion was found to be rapidly
diminished by the relatively high damping in
the vehicle suspension. The magnitude of the
damping was greatly affected by the mainte-
nance of the vehicle, in particular the
adjustment of the guide bearings in the
vehicle suspension. It appeared desirable to
adjust the bearings on the sprung mass to very
close tolerances so that the sprung mass could
move only vertically. However, in attempting
to do so, it was found that damping in the
system thus would be increased to the point
where an initial amplitude of oscillation of
0.2 Ast would permit only a single cycle of
oscillation. It was therefore decided to
accept slight motions of the mass other then
vertical, and to minimize the amount of
damping in the system by allowing a relatively
loose adjustment of the guide bearings.
The damping characteristics of the sprung
mass were determined periodically by recording
the displacement of the mass while the vehicle
was held stationary on the approach track.
Several records for tests of this type are
illustrated in Figure 6.1 for values of a
o
equal to 25, 50,and 75 per cent of A t. These
records are photographs of the display on a
cathode ray oscilloscope. For each value of
a duplicate records are shown. The hori-
o
zontal axis represents time, and the vertical
axis the displacement of the sprung mass. The
scales of the displacement have been adjusted
so that for all values of a the initial trace
o
deflection is the same.
The results of a series of tests similar
to those shown in Figure 6.1 are summarized in
Figure 6.2. On the ordinate of this plot is
shown the amplitude of oscillation, expressed
in per cent of A t; on the abscissa is plotted
the number of cycles of oscillation after
release of the sprung mass. The four curves
shown correspond to values of a /A equal to
0.75, 0.50, 0.35, and 0.20,
These results come from tests performed
at the beginning of each series of tests
involving a new value of a . Since the actual
o
damping characteristics of the vehicle can
change with the adjustment of the carriage,
and since the adjustment itself is affected by
the high initial accelerations produced in
catapulting the vehicle, it is not possible to
present data which are representative of all
possible states of adjustment of the vehicle
during a test series. It should be noted that
the results for a /A = 0.75 and 0.50 were
compared with those obtained from the displace-
ment traces of the sprung mass recorded during
the actual test runs and the agreement between
the two sets of results was found to be satis-
factory. It was not practical to evaluate the
damping characteristics of the vehicle from
actual test records at low amplitudes of
initial oscillation, say a = 0.20 and
0.35 A st, because of the uncertainty in
identifying the component of the bridge
deflection in the displacement trace of the
sprung mass to obtain the actual vehicle
suspension spring behavior,
The four curves in Figure 6.2 are not
parallel; that is, damping is not at exactly
the same value for each initial amplitude.
This is to be expected because the test data
used to compile this figure were taken at
different times with the vehicle probably in
different states of adjustment. The results
for a * 0.75 A which exhibit the largest
o st
rate of damping, were the first to be obtained.
The lower rate of damping in the three remain-
ing curves reflects the effort which was
expended to reduce the friction in the vehicle
suspension to a relative minimum.
It should be noted that the amount of
damping in the vehicle was a factor in the
selection of the amplitudes of initial
oscillation considered. The fact that vehicle
damping is not negligible complicates the
comparison of the test results for various
amplitudes of initial oscillation, but this is
certainly not an unrealistic form of behavior
in light of what is known about the actual
damping in truck suspensions.
6.2 RELATIONSHIP BETWEEN POINT OF RELEASE,
SPEED, AND POINT OF BOTTOMING
For a fixed amplitude of initial oscilla-
tion, the magnitude of the deflections and
strains at midspan depends upon both the point
at which the sprung mass bottoms and the
number of bottomings that take place before
the vehicle reaches midspan. The number of
bottomings is a function of speed only, but
the locations of bottoming depend upon both
vehicle speed and the point of release of the
sprung mass. The sprung mass was always
released from a point above the position of
static equilibrium.
In Figure 6.3 is shown the relationship
between speed and the position of bottoming
for two different points of release. This
relationship was established on the assumption
that the vehicle oscillates with a sinusoidal
motion at its own natural frequency, and that
the speed of the vehicle is constant. Speed,
in terms of a, is plotted on the abscissa,
and position of bottoming, measured from the
bridge entrance as a fraction of the span
length, is plotted on the ordinate. The solid
lines are for release of the sprung mass at
entrance, and the dashed lines are for release
at a distance equal to 25 per cent of the span
length before entrance.
The solid line designated as "first
bottoming" defines the relation between speed
and the position at which the first bottoming,
or the first downward maximum displacement of
the sprung mass, takes place when the sprung
mass is released at entrance. Note that since
the mass is always released from a point above
the position of static equilibrium, first
bottoming occurs at the end of one-half cycle
of oscillation. It can be seen from this
figure, that in order for first bottoming to
occur beyond midspan the value of a must be
greater than 0.17. Similarly, in order for
the second bottoming to occur before midspan
the value of a must be less than 0.057. For
the particular value of a - 0.057, the first
bottoming occurs at x/L - 0.17, the second
bottoming occurs at midspan, and third
bottoming occurs at x/L - 0.84. It can be
inferred that for a = 0.057 the applied load
attains minimum values between the points of
bottoming, namely at x/L = 0.34 and x/L = 0.67.
Using this diagram, it can be shown that
for the particular vehicle frequency and range
of speeds considered, a maximum of only two
bottomings can occur on the bridge before the
vehicle reaches midspan, and that for values
of a greater than 0.085 only a single bottom-
ing can occur.
It should be noted that the actual points
of bottoming, as determined from the test
records,may be slightly different from those
obtained from Figure 6.3. These differences
may be due to the fact that the vehicle speed
may actually be non-uniform; such differences
are likely to be most pronounced for low
speeds for which it is difficult to maintain a
uniform speed.
6.3 MAXIMUM RESPONSE FOR AN OSCILLATION
INITIATED AT ENTRANCE
In Figures 6.4 through 6.7 are summarized
the results of a series of tests in which the
sprung mass was released at entrance. This
type of test is of practical interest in
relation to actual structures in which a dis-
continuity exists between the bridge approach
and the bridge itself. These figures show
amplification factors for maximum effects at
midspan as a function of the speed parameter a.
The upper part of each figure refers to
deflection at midspan of the loaded beam, and
the lower part refers to the corresponding
strain. Figures 6.4 and 6.5 are for a =
0.20 Ast with load over beams A and C,
respectively. Figures 6.6 and 6.7 are for
a = 0.50 At with load applied also over
beams A and C.
Of particular interest in these curves
are the peaks in response occurring at values
of a approximately equal to 0.05 and 0.16, and
sharp depression occurring close to a = 0.08.
For the first two values of a the sprung mass
bottoms at midspan, whereas for the third
value the load in the spring attains a minimum
value while the vehicle is at midspan. These
values are in close agreement with those
predicted from Figure 6.3. The maximum
amplification factors for both strain and
deflection are about 1.45 for a - 0.50 A ,
and about 1.25 for a = 0.20 A t.
o st
Referring again to Figures 6.4 through
6.7, one can see that the magnitude of the
peak at a - 0.16 is larger than that at
a = 0.05. This difference is attributed pri-
marily to the effect of damping in the vehicle
suspension.
6.4 INITIAL OSCILLATIONS RESULTING IN
BOTTOMING AT MIDSPAN
6.4.1 History Curves
In Figures 6.8 through 6.13 are shown
selected plots of the variation of the
deflection and strain at midspan of the loaded
beam as a function of time. The history curves
presented are for the response of the loaded
beam only, namely, for beams A and C. Curves
are included for a low speed and a high speed.
The curves in Figures 6.8 through 6.11 are for
a = 0.07 for a value of a /Ast equal to 0.75.
Figures 6.12 and 6.13 are for a = 0.16 and
also a /A = 0.75 for deflections only first
for a load over beam A and then for a load
over beam C.
As before, the abscissas represent time,
or assuming the speed to be constant, the
position of the vehicle on the span, | " x/L.
The ordinate represents the magnitude of the
response at midspan, in per cent of the
corresponding maximum crawl value. The
dynamic response is represented by a solid
line, and the crawl response by a dashed line.
Above the history curve total response is
shown the variation with time of the dynamic
increment.
From an examination of the history curves,
it can be seen that for large amplitudes of
initial oscillations the predominant waves in
the response curves have approximately the
same period as the natural period of vibration
of the vehicle. For example, in Figure 6.12,
which is for a load over beam A, a = 0.75 \
o st
and a = 0.162, there are practically no
oscillations corresponding to the fundamental
mode of the bridge. In Figure 6.8, which
refers to values of a = 0.75s A and a = 0.070,
o st
a component in the dynamic increment with a
period equal to the natural period of the
bridge contributes slightly to the dynamic
increment.
The relative predominance of oscillations
corresponding to the fundamental mode of the
bridge can be seen in Figure 6.14. In this
figure are compared the dynamic increment
curves for deflection at midspan of beam A for
four values of a /Ast equal to 0.75, 0.5, 0.35,
and 0.2 with a - 0.16. The curves for a /A =
0.75 and 0.50 are not influenced significantly
by oscillations corresponding to the fundamen-
tal mode of vibration of the bridge; the curve
for ao/Ast = 0.35 is perhaps slightly influ-
enced by such oscillations; and the curve for
a /A " 0.20 is influenced greatly, so that
o st
it is very similar to that for the smoothly
rolling load case (a /As 0).
Finally, the maximum dynamic increments
for strain and deflection, expressed in
per cent of the respective maximum crawl
values, are nearly equal in magnitude. This
is illustrated in Figure 6.15, where the maxi-
mum dynamic increments for strain and deflec-
tion are compared for values of a approximately
equal to 0.07 and 0.16. Each point correlating
the maximum values of the dynamic increments
applies to a particular test. That is, each
solid circle represents a test run made with
load over either beam A or beam C, a specific
values of a /A , either 0.75, 0.50, 0.35,or
0.20, and a speed corresponding to the value of
at shown on the figure. It can be seen that all
points fall nearly along a 45-degree inclined
line; in other words, there is a one to one
correspondence between the non-dimensional
dynamic increments for deflection and strain.
6.4.2 Curves for Maximum Response
In Figure 6.16 are summari7ed the maximum
effects at midspan of the loaded beams for a
value of a approximately equal to 0.16 and
bottoming at midspan. This corresponds to a
point of release at entrance and to a single
half-cycle of oscillation of the sprung mass
before the vehicle reaches midspan. The
amplification factors for maximum deflection
are plotted as a function of the amplitude of
initial oscillation, a /A st. The open circles
denote effects for load over beam A and the
solid circles are for load over beam C.
It can be seen that for values of a o/Ast
greater than about 0.2, the relationship
between the amplification factor and a /Ast is
for all practical purposes linear. The rela-
tion may be expressed approximately by the
equation,
(AF.) max. effect 1 + ao/st
which shows that the maximum dynamic response
is equal to that produced by the maximum force
in the vehicle springs acting statically.
Equation (15) is plotted in Figure 6.16 as a
solid line.
The effect of speed on amplification
factors for maximum effects at midspan is
shown in Figures 6.17 and 6.18. Each figure
refers to a particular value of a/A st. The
quantities plotted represent the absolute
maximum effect for the particular combination
of speed and a /Ast. In each case the release
point is such that bottoming occurs approxi-
mately at midspan. The point of bottoming is
approximate because, due to variable and
uncontrolled energy losses in the catapult, it
was difficult to impart the exact desired speed
to the vehicle. The open circles correspond
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FIGURE 7.11 SPECTRUM CURVES FOR MAXIMUM EFFECTS AT MIDSPAN OF
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TABLE 3.1
CHARACTERISTICS OF BRIDGE AND VEHICLE
Bridge
Beam spacing
Length
Thickness of plate
Depth of beams
Width of beams
Ib(one beam, composite section)
Total weight
Dead load deflection (measured)
Fundamental natural frequency
(experimental)
Logarithmic decrement
Damping factor, in percent of
critical
Vehicle
Total load
Sprung load (includes 1/3 of
weight of springs)
Unsprung load (includes 2/3 of
weight of springs)
Natural frequency of sprung
load (experimental, two
alternate springs available)
7.2 in.
6.0 ft
0.091 in.
0.5 in.
0.75 in.
0.0291 In. 4
37.3 lb.
0.147 in.
10.0 cps
0.041
0.6
12.80 lb.
11.66 lb.
1.14 lb.
3.39 cps
5.50 cps
TABLE 4.1
STATIC STRAINS IN BEAMS AT MIDSPAN FOR LOAD AT MIDSPAN
(4-in./in.)
Transverse Strain at Bottom of Beam
Position
of Load A B C 0 E
A 166 71 42 19 12
AB 115 99 50 23 18
B 70 129 61 37 21
BC 52 89 93 41 30
C 37 56 124 56 39
TABLE 4.2
STATIC DEFLECTIONS OF BEAMS AT MIDSPAN FOR LOAD AT MIDSPAN
(Thousandths of an inch)
Transverse Deflection of Beam
Position
of Load A B C D E
A 133 89 54 32 18
AB 109 92 61 40 27
B 87 92 68 47 34
BC 71 82 77 57 44
C 55 69 82 68 56
TABLE 4.3
CONVERGENCE OF COEFFICIENTS FOR DEFLECTION OF BEAMS AT MIDSPAN
Deflection - C Pd b b
Values
k of m
Used
1
0 1-3
1-5
1-7
1i
20 1-3I-5
1-7
I
0 1-31-5
1-7
1
1-320 1-5
1-7
0.01313
0.01337
0.01340
0.01341
0.00772
0.00791
0.00794
0.00795
0.00652
0.00654
0.00654
0.00654
0.00538
0.00543
0.00543
0.00543
Value of Cd for Beamd
0.00652
0.00654
0.00654
0.00654
0.00538
0.00543
0.00543
0.00543
0.00688
0.00708
0.00711
0.00712
0.00553
0.00570
0.00573
0.00574
0.00212
0.00212
0.00212
0.00212
0.00341
0.00342
0.00342
0.00342
0.00482
0.00486
0.00486
0.00486
0.00423
0.00426
0.00426
0.00426
-0.00014
-0.00014
-0.00014
-0.00014
0.00218
0.00219
0.00219
0.00219
0.00218
0.00217
0.00217
0.00217
0.00293
0.00293
0.00293
0.00293
-0.00138
-0.00137
-0.00137
-0.00137
0.00156
0.00155
0.00155
0.00155
-0.00014
-0.00014
-0.00014
-0.00014
0.00218
0.00219
0.00219
0.00219
1 0.00212 0.00482 0.00636 0.00482 0.00212
0 1-3 0.00212 0.00486 0.00655 0.00486 0.00212
1-5 0.00212 0.00486 0.00658 0.00486 0.00212
1-7 0.00212 0.00486 0.00659 0.00486 0.00212
C I 0.00341 0.00423 0.00499 0.00423 0.00341
20 1-3 0.00342 0.00426 0.00516 0.00426 0.00342
-5 0.00342 0.00426 0.00519 0.00426 0.00342
1-7 0.00342 0.00426 0.00520 0.00426 0.00342
Load
on
Line
TABLE 4.4
CONVERGENCE OF COEFFICIENTS FOR BENDING MOMENT IN BEAMS AT MIDSPAN
Moment - C PLm
Values
k of m
Used
Value of C for Beam
m
I 0.1769 0.0643 0.0210 -0.0014 -0.0136
1-3 0.1760 0.0663 0.0204 -0.0013 -0.0131
0 -5 0.1758 0.0664 0.0204 -0.0013 -0.0131
1-7 0.1757 0.0665 0.0204 -0.0013 -0.0131
A
1 0.1235 0.0531 0.0336 0.0216 0.0154
1-3 0.1182 0.0571 0.0347 0.0219 0.0146
20 1-5 0.1173 0.0577 0.0350 0.0221 0.0142
1-7 0.1172 0.0578 0.0350 0.0221 0.0142
1 0.0643 0.1152 0.0476 0.0215 -0.0014
1-3 0.0663 0.1105 0.0507 0.0209 -0.0013
1-5 0.0664 0.1099 0.0510 0.0208 -0.0013
1-7 0.0665 0.1097 0.0510 0.0208 -0.0013
I 0.0531 0.1020 0.0417 0.0289 0.0216
1-3 0.0571 0.0945 0.0447 0.0294 0.0219
20 1-5 0.0577 0.0935 0.0449 0.0294 0.0221
1-7 0.0578 0.0933 0.0450 0.0294 0.0221
1 0.0210 0.0476 0.1101 0.0476 0.0210
1-3 0.0204 0.0507 0.1047 0.0507 0.0204
1-5 0.0204 0.0510 0.1040 0.0510 0.0204
1-7 0.0204 0.0510 0.1039 0.0510 0.0204
C 1 0.0336 0.0417 0.0966 0.0417 0.0336
1-3 0.0347 0.0447 0.0892 0.0447 0.0347
20 1-5 0.0350 0.0449 0.0881 0.0449 0.0350
1-7 0.0350 0.0450 0.0879 0.0450 0.0350
Load
one
Line
TABLE 4.5
COEFFICIENTS FOR DEFLECTION OF BEAMS AT MIDSPAN
Deflection = Cd PE
Load Value of Cd for Beam
on k
Line A B C D E
(a) Computed Values
0 0.01341 0.00654 0.00212 -0.00014 -0.00137
(0.0134)* (0.00655) (0.00213) (-0.00012) (-0.00137)
A 20 0.00795 0.00543 0.00342 0.00219 0.00155
0 0.00654 0.00712 0.00486 0.00217 -0.00014
(0.00655) (0.00713) (0.00485) (0.00217) (-0.00012)B 20 0.00543 0.00574 0.00426 0.00293 0.00219
0 0.00212 0.00486 0.00659 0.00486 0.00212
(0.00213) (0.00485) (0.00658) (0.00485) (0.00213)
20 0.00342 0.00426 0.00520 0.00426 0.00342
(b) Measured Values
A 0.00811 0.00544 0.00328 0.00197 0.00111
B 0.00530 0.00557 0.00413 0.00286 0.00207
C 0.00336 0.00417 0.00498 0.00417 0.00339
*Numbers in parentheses were obtained by interpolating graphically between
results reported in Ref. 3.
TABLE 4.6
COEFFICIENTS FOR BENDING MOMENT IN BEAMS AT MIDSPAN
Moment = C PL
m
Load Value of C for Beam
on k m
Line A B C D E
(a) Computed Values
0 0.1757 0.0665 0.0204 -0.0013 -0.0131
A (0.175)* (0.066) (0.020) (-0.001) (-0.014)
20 0.1172 0.0578 0.0350 0.0221 0.0142
0.0665 0.1097 0.0510 0.0208 -0.0013
0 (0.066) (0.109) (0.051) (0.021) (-0.001)
20 0.0578 0.0933 0.0450 0.0294 0.0221
0.0204 0.0510 0.1039 0.0510 0.0204
C 0 (0.020) (0.051) (0.104) (0.051) (0.020)
20 0.0350 0.0450 0.879 0.0450 0.0350
(b) Measured Values
A 0.120 0.051 0.030 0.014 0.009
B 0.050 0.093 0.044 0.027 0.015
C 0.027 0.040 0.089 0.040 0.028
*Numbers in parenthesis were obtained by interpolating graphically between
results reported in Ref. 3.


to load over beam A, and the solid circles
correspond to load over beam C.
It can be seen from Figures 6.17 and 6.18
that in general the maximum effect at midspan
decreases with decreasing speed. This
decrease is particularly significant for the
large amplitudes of initial oscillation. For
example, for a load over beam A and a =-
0.75 Ast, the amplification factor for maximum
midspan deflection in the loaded beam
decreases from 1.68 for a = 0.16 to about 1.50
for a - 0.07. The corresponding decrease for
load over beam C is from 1.68 to 1.35.
It may be recalled that for a - 0.16 the
release point is at entrance, and the sprung
mass of the vehicle performs a single half-
cycle of oscillation before bottoming at
midspan. On the other hand, for a = 0.07 the
release point is at about 0.20L before
entrance, and the sprung mass performs three
half-cycles of oscillation before bottoming at
midspan. The influence of damping for these
two cases can readily be seen from the damping
data presented in Figure 6.2. For example,
for a = 0.75 A the amplitude of oscillation
at the end of one half-cycle is reduced to
about 0.69 Ast, whereas at the end of three
half-cycles it is reduced to 0.58 A st. It
follows that the reduction in maximum response
with decreasing speed is due mainly to the
effect of vehicle damping is neglected predict
that the dynamic effect for an initially
oscillating vehicle is approximately the same
for all speeds or may sometimes increase with
decreasing speed due to a "build-up" in effects
resulting from the larger number of oscilla-
tions that take place while the vehicle is on
the span. It is important to note that the
results of the present tests show that damping
negates any such "build-up" in effects.
In Figures 6.17 and 6.18 the ordinates
of the horizontal lines were determined by use
of Equation (15) in which a was interpretedO
not as the initial amplitude of oscillation,
but rather as the damped amplitude corre-
sponding to bottoming at midspan. The values
of these amplitudes were determined from the
damping records presented in Figure 6.2. The
line on the upper right part in each of these
figures corresponds to first bottoming, the
middle line corresponds to second bottoming,
and the one on the lower left part corresponds
to third bottoming. The horizontal extent of
these lines denotes approximately the range of
speed parameters for which the particular
bottoming may be obtained in the present test
setup. No attempt was made to determine the
exact cutoff points of these lines, since they
are intended to serve mainly as reference lines
for the ordinates.
Another interesting feature of the data
summarized in Figures 6.17 and 6.18 is that
the results for beam A are less sensitive to
variation in speed than are those for beam C.
This is particularly noticeable for the higher
values of a . No explanation is available for
this trend.
6.4.3 Transverse Distribution of Effects
History curves for dynamic increments
for all beams and selected transverse
distributions at various times for the ini-
tially oscillating vehicle are presented in
Figures 6.19 through 6.26. The data given in
Figures 6.19 and 6.20 are for an amplitude of
initial oscillation a 0 0.2 A , those in
Figures 6.21 and 6.22 are for a = 0.35 Ast,
and those in Figures 6.23 through 6.26 are for
a = 0.75 Ast . The transverse positions of
the load for the various distributions are
indicated on the figures.
From the results given in Figures 6.19
and 6.20 it is seen that the dynamic increment
histories for the various beams are in phase
with one another. The upward shift of the
history curves near midspan is consistent with
the fact that in these tests the load bottomed
near midspan. However, the instantaneous
transverse distributions of effects are still
fairly uniform, with a peak occurring in the
loaded beam. It follows that the behavior of
the bridge for a small amount of initial
oscillation is essentially the same as that for
a smoothly rolling load. In Figures 6.21 and
6.22 the results given for the case a =
0.35 Ast indicate a similar trend. However,
as would be expected, the magnitudes of the
effects are somewhat greater.
Turning to the results in Figures 6.23
and 6.24 for a large value of vehicle oscilla-
tion, ao = 0.75 Ast, it is apparent that the
time histories of response are also in phase,
but the curves appear to contain no oscilla-
tions corresponding to the fundamental period
of vibration of the bridge. The transverse
distributions shown in Figure 6.26 particularly
when the load is close to midspan, are quite
non-uniform. In this case, the component
which was considered to be proportional to the
static distribution is dominant, and the
uniform component is almost non-existent. When
these distributions are analyzed as in Section
5.4.2, it is seen that a value of c between
zero and 0.2 is reasonable. The results pre-
sented in Figure 6.27 will confirm the above
remarks. The transverse distribution of
dynamic increments is again very close to the
static distribution of effects. In fact, if a
value of c = 0 is taken, that is the uniform
component is completely disregarded, the agree-
ment between the estimated and actual distribu-
tions is remarkable.
Thus, the results presented appear to
substantiate the explanation advanced in
Section 5.4.2, Equation (14), regarding the
nature of the transverse distribution of
dynamic increments. The relative magnitude of
c is influenced by a number of variables, of
which the most important appears to be the
amplitude of initial oscillation. While
Equation (14) seems reasonable, the test
results must be examined in the light of a
theory that considers the transverse character-
istics of the bridge before they can be
generalized to other parameter combinations
beyond the range of the model study. * *
VII. TESTS WITH ROADWAY UNEVENNESS
7.1 DESCRIPTION OF TEST SERIES
Two series of tests were made. The first
involved a single half-sine wave irregularity
on the bridge deck over beam C centered about
the first quarter point of the bridge. The
second series involved a similar irregularity
on the approach track in addition to the one
at the first quarter point of the bridge. The
effect of the irregularity on the approach
span was to impart to the vehicle an initial
oscillation as it entered the span. The
irregularities were built up from cardboard
and masking tape; each was 15 in. long with an
amplitude of 0.15 in. A layout of the irregu-
larities for both series of tests is shown in
Figure 7.1.
Approximately 25 values of a in the range
between 0.04 and 0.18 were used and both
values of T were considered. All tests were
performed with the load moving over the center
beam, and deflections and strains were measured
at midspan of the loaded beam.
7.2 PRESENTATION OF RESULTS
7.2.1 Representative History Curves
The lower curves in Figures 7.2 through
7.9 are typical response curves showing the
variation of strain or deflection in beam C.
The static or crawl effects are represented by
dashed lines. The upper curves in Figures 7.2
through 7.9 are dynamic increment histories.
For each series of tests, typical results are
given for two different speeds and the two
values of the frequency ratio considered.
From these curves it can be seen that the
major oscillations of the bridge have about
the same frequency as the natural frequency of
the vehicle. In the tests involving a single
irregularity on the bridge deck, the vehicle
acted as a smoothly rolling load until it
reached the irregularity, and the bridge
oscillated at its own natural frequency of 10
cycles per second. After the vehicle was
excited by the irregularity, the bridge
oscillations assumed the natural frequency of
the vehicle. This behavior can be seen in
Figure 7.7.
Certain additional high frequency oscilla-
tions, superimposed on the major oscillations,
were present on the records. These high
frequency oscillations were more pronounced on
the strain records than on the deflection
traces, and were excited by the vehicle impact
on the bump on the bridge. The frequency of
the most prominent high frequency oscillations
was about 90 cycles per second. This fre-
quency corresponds to a natural mode of
vibration in which the bridge assumes a shape
having three half-sine waves along the length
of the span.
Beginning at the instant the vehicle
strikes the irregularity, on the order of 10
to 15 cycles of the 90 cps oscillations occur
before this mode of vibration is damped out.
The larger number of cycles corresponds to the
higher speeds. For speeds on the order of
c = 0.06, the maximum response of the bridge
at midspan was unaffected by the high fre-
quency vibrations because they were damped out
by the time the vehicle reached midspan. For
the higher speeds, on the order of a = 0.10 or
greater, these vibrations were still in
evidence as the vehicle passed midspan, but
the amplitudes were generally small and had a
small effect on the magnitude of the maximum
response,
In replotting the response curves pre-
sented in Figures 7.2 through 7.9 from the
original records, the high frequency oscilla-
tions were reproduced only in the case of
Figures 7.4, 7.6, and 7.8 to indicate the
general nature and significance of these
vibrations. In all other instances, these
high frequency oscillations have been omitted.
7.2.2 Spectrum Curves
In Figures 7.10 through 7.13 the
amplification factors for maximum deflection
and strain at midspan are plotted as a func-
tion of the speed parameter, a. In addition
to the data from the roughness tests, the
response spectra for a smoothly rolling load
are shown for purposes of comparison.
A significant feature of these curves is
that for each type of surface irregularity the
dynamic effects of T = 0.55 are generally
greater than those for Tv = 0.34. In addition,
the effects produced by the two irregularities
are greater, in general, than those produced
by the single irregularity for the same
frequency ratio. As might be expected, the
peak values of the response occur at different
values of a for the different cases considered,
Also, the curves for strain exhibit sharper
peaks than those for deflection.
7.3 INTERPRETATION OF RESULTS
The significant parameters in the bridge
response can be interpreted by investigating
the behavior of the vehicle as it moves over a
similar unevenness located on a rigid pavement.
The use of such an interpretation implies that
one can neglect the effect of the motions of
the bridge supporting the unevenness when
determining the interaction between the
unevenness and the vehicle suspension. This
is a valid approach when the amplitude of the
unevenness is of the same order of magnitude
or larger than the deflections of the uneven-
ness and, more importantly, when the time of
passage over the unevenness is at a value to
produce a reasonably large excitation of the
vehicle. Specifically, a relationship between
the values of the interacting force as obtained
by the analysis of the vehicle on a rigid
pavement and the response of the bridge as
observed in the tests can be shown.
7.3.1 Results for Single Irregularity
The response spectrum for an undamped
single-degree-of-freedom system subjected to a
base displacement in the form of a single
half-sine wave is presented in Figure 7.14.
Maximum values of the spring deformation, u,
are plotted as a function of the ratio of the
duration of the base disturbance to the natu-
ral period of vibration of the vehicle, t /T .
The duration of the base disturbance is the
time required for the vehicle to move across
the irregularity. The ordinates for the
dashed curve represent the ratio u /e, wherem
um is the maximum spring deformation and e is
the amplitude of the irregularity. The
ordinates for the solid curve represent the
ratio u /e, where ur is the amplitude of the
residual spring deformation (i.e., the maximum
value of the spring deformation after the
vehicle has crossed the irregularity).
In Figure 7.14 the scale u/e may be
related to the interacting force by the
equation
u \AP
e We/st
where AP is the change in the interacting
force due to the effect of the irregularity,
u may be either u or u , W is the sprung
r m
weight of the vehicle, and st is the static
deflection of the sprung vehicle weight. This
equation is obtained by multiplying and
dividing u/e by k, the stiffness of the vehicle
spring, and replacing the quantity ku in the
numerator by AP and the quantity k in the
denominator by W/Ast.
In a similar manner, the abscissa may be
related to the speed parameter, a, by the
equation
tl 1 A
T 2a L v
v
where ý is the length of the irregularity.
This identity is obtained by multiplying and
dividing the quantity t /T by 2 LTb and replac-
ing t1 by ?/v and 
2L/vTb by 1/a It should be
recogni7ed that this relation between t /Tv
and a is a device to make possible a correla-
tion of speeds between the response spectrum
discussed here and the experimental results.
Scales in terms of C for the particular values
of " used in the tests are shown at the top
v
of Figure 7.14.
It may be seen from this figure that the
values of u and u and, consequently, the
m r
corresponding changes in interacting force,
AP and AP , are the same over certain
m r
regions of the response spectrum. For these
regions the maximum value of the interacting
force occurs in the residual vibration era.
To relate Figure 7.14 to the response of the
bridge one must first note that the maximum
response of the bridge for a given speed is
observed when the load is at or near midspan.
Since the irregularity is located at the
quarter point, it follows that the maximum
response of the bridge has occurred after the
vehicle has crossed the irregularity and thus
is governed by the magnitude of the residual
vehicle vibration produced by the unevenness.
Thus, in Figure 7.14 the regions corresponding
to the residual vibration era are of particular
interest.
The relation between rigid pavement
vehicle behavior and the bridge response will
be shown by making use of the results of
Section 6,4.2 and Equation (15), i.e., that
the maximum dynamic response due to large
vehicle oscillations is equal to that produced
by the maximum force in the vehicle suspension
acting statically, provided that one can
evaluate the maximum force in the vehicle
springs at or near midspan.
From Figure 7.14 it may be seen that the
maximum value of residual vibration in the
vehicle occurs at a value of a of about 0.05
for T = 0.34, and about 0.08 for T = 0.55.V v
An examination of Figures 7.10 and 7.12 shows
that these values of a are near the speeds at
which the maximum bridge response was noted.
Comparison of Figures 7.10 and 7.11
indicates that for m = 0,55 the peak amplifi-
cation factors for strain and deflection are
significantly greater than those for T = 0.34.
This difference may be explained in terms of
the curve presented in Figure 7.14 which shows
that, for a given point on the curve, the
quantity AP is proportional to the parameter
e/A st, provided the weight of the vehicle
remains the same. For the tests reported here
the value of e/st is 0,18 for dv = 0.34 and
0.46 for dv = 0.55. The latter value is 2.6
times the former and since the vehicle weight
does not change, the values of AP are in the
same proportion.
In Figures 7.10 and 7.11 the peak
amplification factor for either strain or
deflection is about 1.70 for T = 0.55 and
about 1.25 for ' = 0.34. The ratio of the
dynamic effects, 0.70/0.25, is 2.8 and agrees
reasonably well with the value predicted by
comparing the values of APr for the two cases.
It appears that the maximum dynamic increment
for the bridge may be considered to be propor-
tional to the maximum variation in the inter-
acting force.
It is of interest to compare the peak
values of the experimental spectra with the
values predicted by the approximate relations
presented above. In Figure 7.14, the maximum
increase in interacting force is 1.72 We/Ast,
This increase, expressed in per cent of the
static weight of the vehicle, W, is 0.21 for
V = 0.34 and 0.80 for T = 0.55. These
v v
results are in good agreement with the values
of about 0.25 and 0.70 presented in Figures
7,10 and 7.11 for the maximum dynamic increment
for strain or deflection in the bridge.
From Figure 7.11 it may be observed that
the peak values of deflection cover a wider
range of a than do the peak values of strain.
This trend may be explained by the shapes of
the static influence lines for strain and
deflection upon which the dynamic increments
are to be superimposed. The influence line
for strain at midspan of the loaded beam
exhibits a sharp cusp at midspan. On the
other hand, the influence line for deflection
is relatively flat near midspan. Therefore, a
load applied slightly away from midspan would
be associated with a dynamic increment which
combines with a nearly maximum midspan
deflection, whereas the corresponding strain
increment would be combined with a static
influence ordinate which is relatively much
smaller due to the sharp peak in the influence
line for strain.
7.3.2 Results for Double Irregularity
A comparison of the spectra given in
Figures 7.12 and 7.13 with the corresponding
spectra in Figures 7.10 and 7.11 shows that
for the same frequency ratio, the peak values
of the response for the double irregularity are
on the order of 20 per cent greater than those
for the single irregularity. This is attri-
buted to the fact that, for the speeds corre-
sponding to the maximum bridge response, the
additional irregularity on the approach
produced an oscillation which combined to
magnify the oscillations of the vehicle. Thus,
the interacting force and the response of the
bridge were increased. It should be noted,
however, that at certain speeds, the second
irregularity had the effect of reducing the
magnitude of the dynamic effects in the bridge.
From Figures 7.12 and 7.13 one finds that
for T = 0.55 the peak amplification factor
for deflection and strain is about 50 per cent
greater than that for v = 0.34. As before,
this result may be explained approximately by
the relationship between AP and e/Ast.
Since a complete spectrum curve for the
effect of a double irregularity located on a
rigid pavement was not available, the
characteristics of the response were explained
by investigating the behavior of the vehicle
for certain specific values of the speed
parameter. Numerical solutions shown in
Figure 7.15 were obtained for three values of
tl/T . For a frequency ratio of V = 0.55,
the values selected correspond to values of a
equal to 0.06, 0.075, and 0.10. The latter
values correspond to the positions of the peaks
and valleys of the curves shown in Figure 7.13.
The abscissa in Figure 7.15 represents
the position of the load as it moves over the
irregularities. The zero point on the
abscissa corresponds to the beginning of the
bridge. The ordinates show the absolute
displacement of the sprung mass in terms of
the peak value of the irregularity, e. When
the load is past the second irregularity, the
absolute displacement is equal to the spring
deformation, u. As previously noted, the
ratio u/e is equal to We/A
We/Ast
It can be seen from Figure 7.15 that the
amplitude of the residual oscillation is small
for a = 0.075 and relatively large for the
other two cases. The peak amplitude occurs at
a value of a = 0.10. It follows that the
amplitude of variation of the interacting
force when the vehicle is as near midspan and,
consequently, the magnitude of the dynamic
effects in the bridge will be small in the
first case and large in the remaining two
cases. This accounts for the location of the
peaks and valleys in the spectrum curves in
Figure 7.13. That the value of the amplifica-
tion factor for a - 0.10 is larger than that
for a = 0.06 may be explained, in part, by the
fact that the amplitude of residual vibration
is larger in the first case and, in part, by
the fact that the load bottoms exactly at
midspan for a = 0.10 and slightly away from
midspan for a = 0.06. Another factor contribu-
ting to this difference is the effect of
vehicle damping. Since the effect of this
factor is more pronounced at the lower speeds,
the peak at a = 0.06 would be reduced more
than the peak at a = 0.10.
It is of interest to note that, whereas
for a = 0.10 the amplification factors for
strain and deflection are approximately the
same, for a = 0.06 the amplification factor for
strain is lower than that for deflection. This
is due to the fact that in the former case the
load bottomed at midspan and the latter case
it bottomed away from midspan. For the reasons
stated in Section 7.3.1, the midspan deflection
was influenced relatively more than the midspan
strain. 0 0
VIII. SUMMARY AND CONCLUSIONS
8.1 GENERAL
The results and conclusions presented
are based on the study of a model of a multi-
girder beam and slab type simple-span bridge
which was constructed and operated to simulate
the behavior of a 60-ft span, 5-girder, steel
I-beam and slab highway bridge. The type of
construction used for the bridge model, that
is, an aluminum plate representing the deck
slab, connected by an epoxy resin to the five
longitudinal beams, is adequate for modeling
of the prototype bridge. The response of the
structure was measured in terms of strains and
deflections at midspan in the five beams of the
bridge.
The model was loaded by a single-axle,
single-wheel vehicle which does not attempt to
represent a three- or five-axle vehicle corre-
sponding to an actual H20-SI6 load. The
vehicle weight and natural frequency are
appropriate, however. Thus this vehicle
represents a more severe loading condition
than is actually achieved in practice. It
should be emphasized that the distribution of
the total vehicle weight to 2, 4, or more wheel
loads will, of course, produce a much more
uniform distribution of load to the bridge,
and as a result there will be a more uniform
distribution of dynamic and static effects in
the structure. However, it is felt that the
single-wheel vehicle idealization gave an
adequate representation of the effect of a
moving, sprung vehicle and allowed the effect
of transverse position of the vehicle,
amplitude of initial oscillation, vehicle
frequency and weight to be studied. The
vehicle was propelled across the span by a gas
operated catapult. A drawback to this type of
vehicle system is that uniform vehicle speeds,
particularly in the low range, cannot be
guaranteed.
It should be emphasized that the conclu-
sions regarding the response of the bridge are
drawn for a model representing a single bridge
and vehicle combination. For an extrapolation
of these results to other ranges of the param-
eters an exact theory representing the response
of the bridge is required. Such a theory is
available and is reported in Reference 2. One
of the important consequences of this study
was that it provided a body of experimental
data which has aided in the development and
confirmed the predictions of the above
mentioned theory for the smoothly rolling case.
The model studies provided an early
indication of the transverse distribution of
dynamic effects in simple-span structures
before theoretical studies were available. In
the following sections some specific conclu-
sions regarding the response of the bridge are
presented.
8.2 FOR A SMOOTHLY ROLLING VEHICLE
When the bridge is loaded by a vehicle
having no initial vertical oscillation the
dynamic effects appear to be associated mainly
with the excitation of the fundamental mode of
vibration of the bridge. Even for a load
moving over an edge beam the contribution of
the torsional (first antisymmetrical) mode of
vibration was not noticeable. The maximum
amplification factors for deflection were about
1.3 and for bending moments about 1.20 in the
range of speeds corresponding to a values from
0.06 to 0.17, that is for actual truck veloci-
ties of from 30 to 90 miles an hour on the
prototype structure. The amplification factors
were a function of vehicle speed and relative
vehicle frequency, v .
The transverse distribution of dynamic
increments for deflection and moment at midspan
were studied. Results indicated that maximum
increments occur in the beam which is directly
under the load. In general, the dynamic
increments for moments and deflections are
neither uniformly distributed across the width
of the bridge nor distributed in proportion to
the corresponding maximum static effect. The
results indicate that the transverse distribu-
tion of dynamic increments consists approxi-
mately of the superposition of two components,
one having a uniform distribution, which is
attributed to the free vibration of the bridge
in its fundamental mode and the other having a
distribution proportional to that of the static
effect, which is attributed to the added force
exerted by the vehicle due to the vertical
acceleration of its mass.
The experimental results obtained for the
smoothly rolling vehicle were compared with
theoretical studies done by Oran, Reference 2,
and a good correlation was noted.
8.3 FOR THE INITIALLY OSCILLATING VEHICLE
In the studies of the effect of an
initially oscillating vehicle, the vehicle
speed, transverse position of loading, ampli-
tude of initial oscillation, and point of
release of the sprung mass of the vehicle were
considered as variables.
For large amplitudes of initial oscilla-
tion, the predominant waves in the dynamic
increment curves had a period equal to the
natural period of vibration of the vehicle.
For small amplitudes of initial oscillation the
period of the predominant waves in the history
curves had a period on the order of the
fundamental of the bridge. It should be noted
that the predominance of waves having the
frequency of the vehicle in the tests with
large amplitudes of initial oscillation
emphasizes the differences between the model
loading and an actual vehicle. In the proto-
type, interaction between the effects of
individual axles and wheels, and the reduced
likelihood of large sustained vehicle oscilla-
tions, would reduce the predominance of waves
having the frequency of the vehicle,
In general, the absolute maximum effects
at midspan occurred when the load "bottomed"
at or near midspan. With the vehicle suspen-
sion used, it was possible to obtain bottoming
at midspan after a single half-cycle of
oscillation for the higher speeds considered,
and after three or five half-cycles at lower
speeds. For high speeds and bottoming at
midspan there was found to exist a linear
relationship between the amplification factor
for maximum effects at midspan and the ampli-
tude of initial oscillation. Specifically, the
maximum dynamic response was found to be
approximately equal to the static response
produced by the maximum force in the vehicle
springs at the instant when the vehicle is at
or near midspan.
For vehicle bottoming at midspan the
amplification factor for maximum effect in the
loaded beam was found to decrease with
decreasing speed. This appreciable reduction,
which was most pronounced when the load was
over the central beam, is due primarily to the
effect of damping in the vehicle. Because of
damping, the forces in the vehicle suspension
were reduced with decreasing vehicle speeds
when the vehicle required a longer time to
reach the critical midspan location.
In general, the transverse distributions
of maximum dynamic increments for deflections
and moments in the beams across midspan are
more uniform than a distribution which is
proportional to the corresponding static
response. As in the case of the smoothly
moving vehicle, the transverse distribution
may be thought of as composed of two compo-
nents; one is proportional to the static
effects and the other is uniformly distributed,
arising from the excitation of the fundamental
mode of the bridge.
8.4 EFFECT OF ROADWAY UNEVENNESS
The effect of roadway unevenness was
studied for two cases. The first was for a
single half-sine wave irregularity centered
about the first quarter point on the bridge
deck. The second was for a similar irregu-
larity placed on the approach track to the
bridge in addition to the irregularity on the
deck.
These studies indicated that the presence
of unevenness on the deck is an extremely
important factor which greatly increases the
response of the bridge. In general, the
amplitude of the dynamic increments can be
related to the amplitude of the motion induced
in the vehicle by the irregularity on the pave-
ment surface. The motion of the vehicle can
be predicted on the basis of an analysis which
treats the deck surface on which the irregu-
larity is placed as a rigid pavement.
Consistent with the studies of initial
oscillation, maximum effects are produced
when "bottoming' or maximum vehicle interaction
forces occur at or near midspan.
The effect of the irregularity placed on
the approach track was to induce large initial
oscillations in the vehicle as it entered the
span. These combined with the motions of the
vehicle induced by the bump on the bridge to
produce a very large bridge response.
Two values of the vehicle frequency were
studied; it was found that the response for
the higher frequency was much larger. This
result was consistent with the fact that for
the higher vehicle frequency a larger vehicle
response due to the unevenness would be
expected on the basis of a rigid pavement
analysis.
It was noted that the impact of the
vehicle on the bump on the span also induced
a high frequency component of response which
corresponded approximately to the third
longitudinal mode of the bridge, that is, one
in which three half-waves appear in the
longitudinal distribution of the natural mode.
In general this high frequency component did
not contribute significantly to the response.
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1. ANALYSIS OF STATIC PROBLEM
1.1 CHARACTERISTICS OF STRUCTURE
AND ASSUMPTIONS
The structure considered is shown in
Figure 1. It consists of a reinforced concrete
slab continuous over a number of parallel steel
or reinforced concrete beams spanning in the
direction of traffic and simply supported at
the ends. The beam spacing may be arbitrary.
The dimensions of the beams may vary from one
beam to the next, but all beams are assumed to
be prismatic. The slab is considered to be
isotropic, of constant thickness, and simply
supported at the abutments.
The assumptions made in the analysis are
those embodied in the ordinary theory of
medium-thick, elastic plates and in the
ordinary theory of flexure of beams. In addi-
tion, it is assumed that:
(1) A beam and the slab over it deflect
and rotate alike.
(2) There is no transfer of horizontal
shear between the beams and the slab; thus
the resultant of the normal stresses acting on
a cross section of the slab or a beam is a
pure couple. The effect of composite action
may be taken into account approximately by
modifying the flexural and the torsional
stiffnesses of the supporting beams as sug-
gested by Newmark and Siess.(1)
In considering the effect of the torsional
resistance of the beams, it is assumed that
the Saint-Venant theory of torsion is applica-
ble. Poisson's ratio for the material of the
slab is taken equal to zero, except when
evaluating the rigidity of the slab.
The span length of the bridge, center to
center of supports, is denoted by a, and the
overall width of the slab by b. The position
of a point on the bridge is specified in terms
of dimensionless cartesian coordinates ý and
T, defined by the equations
Sx/a
(1-1)
T y/b
where x and y are as shown in Figure 1,
1.2 METHOD OF ANALYSIS
1.2.1 General
The approach used is a combination of the
Rayleigh-Ritz energy method, and the Levy
method of analysis for rectangular plates
simply supported along two opposite edges.
The details of the method parallel those of
the procedure used by Yamada and Veletsos for
the computation of the natural frequencies
and modes of vibration of highway bridges. 2)
Let the vertical load on the structure,
p(»,j')
, 
be represented by a single trigono-
metric series of the form
P(,1') - m" Z m sin mna (1-2
mil m-l
in which pm is a function of i only. The
deflection of the structure, w(t,qi), can then
be expressed as
00 00
w(6,Ti) -z w wm sin mn (1-:
m'l m=1
where W = w sin mit is the deflection compo-
m m
nent corresponding to the load component pm
,
and w is a function of n only. The problem
is then to determine the relationship between
w and pm
in the procedure used, the deflection
functions wm are expressed in the form
Wm I mn n
n
where Y are known functions of the n-coordinate,
and a are coefficients which will be evalu-
mn
ated by minimizing the total energy of the
system. Let the functions Yn be dimensionless;
then the coefficients a have the dimensionmn
of length.
In the following development, the
functions Yn are considered to be arbitrary.
The specific functions used in this study are
presented later.
1.2.2 Energy of the System
The energy expressions presented in
this section correspond to the deflection
component w = w sin mia and the associatedm m
load component m = Pm sin mnS.
Strain Energy
The strain energy of the system Vm, may
be written in the form
Vm = (V )s + (V )bm m s 'm'b (1-5)
where (V )s is the strain energy of the slab,
and (V )b is the strain energy of the beams.
The subscripts m are used as a reminder that
these energies correspond to the m component
of the deflection, W . For a value of
m
Poisson's ratio equal to zero, (V ) is given
by the equation
by the equation
(V) = Dab
ms 2a
0
1 [ 2
[(Lm
o 2M)20\ 2 (1-6)
where c = b/a, and D is the flexural rigidity
per unit width of the slab. On replacing w
by wm sin mS X amn Y
n 
sin mai, Equationb*  si mn . mn n
(1-6) becomes
(V m 4 am4D ab a 1 Y d/
(Vm)s = m 4 Y mn ms YnY ds
a s o
1
+ 2 2Z a m Y' Y' dn2 ( 2 mn ms n sn (mc) n s o
1
+----a am f YI Y" Vd
it (mc) n s
(1-7)
where a prime denotes one differentiation with
respect to n.
z)
22 2 , 2 2
+ + dtid
The strain energy of the beams, (V )b, is
given by the equation
(E b b )
mb > L 2a3
+ (GbJb)
2ab
2
0
1 2
' i 2 i2f( m
( ;; d2
m 2
7t7 d) i I
(1-8)
where (Eb Ib)i and (GbJ b) i denote the flexural
rigidity and the torsional rigidity of the ih
beam, respectively, and the subscript i
associated with the integrands means "evaluated
th
at the location of the i beam." By substi-
tuting w = r a Y sin mve into Equation
m n mn n
(1-8), multiplying and dividing the right-hand
side of the resulting equation by Db, one
obtains the equation
(Vm b 4 mn ms n si
a 'i=o n s
+ --- 2ms ai i
n s
(1-9)
in which (Y i is the ordinate of the function
n ' ,th
Y at the location of the i beam, and X. and
k. are dimensionless rigidity factors defined
by the equations
(Ebib).
%. - (1-10SDb
(GbJb)i
i Db
The strain energy of the system, Vm, can
be rewritten in the condensed form,
V m4 D ab (a a ) (1-12
m 4 4 m mn ms
a
where T (a a ) is a quadratic form of the
m mn ms
unknown coefficients a .
mn
Potential Energy of External Forces
The potential energy, Um, of the load
component mp through the associated deflection
component 7 is given by the equation
m
I 1
Um = -ab mPm d~dq
0 0
1 1
=-ab/ / (win sin mi)(pm
0 0
By substituting Equation (1-4)
(1-13), one obtains
(1-13)
sin mint) didiT
into Equation
1
a2b / m Y dlm " mn (1-14)
n o
Total Energy of System
The total energy of the system, Im, is
the sum of Equations (1-12) and (1-14), i.e.,
m 
4 n D ab -Im-- 4 - Fm(mn ms
a
- mn Pm Yn d
n o
(1-15)
1) 1.2.3 Equations for Computation of a
The condition that I be a minimum yields
m
a system of linear algebraic equations of the
form
F m ] (A ) = (B ) (1-16)
in which (A ) is a column matrix of the unknown
!) coefficients a , (B } is a column matrix of
known load terms, and [Fm I is a symmetric
matrix, the order of which is equal to the
number of Yn functions used in Equation (1-4).
As before, the subscript m indicates that
these matrices are functions of the integer m.
The element f in the nth row and sth
m.ns
column of the [Fm] matrix is given by the
equation
1 1
+.1 f 'Y d (1-17)
it(mc) 4
+ - n- i n(Y)i + 2 (Y) -1( 
(mmc)i o 2 (mc) 2 i (Ys)
The element 6mn in the nth row of the (Bm)
matrix is
m a3  ab p Y dT (1-18)
mn mn 4Db mn
o
For a concentrated force P applied at point
= - 1' 1 = 1'
determined from Equation (1-3) by superposing
the component deflections. The latter
equation may be rewritten in one of the
following forms:
w = Z(Z mn Y) sin mTn
m n
(1-21)
= Z A}I- {Yn(1)} sin mnt
where {Y (1) ,} is a column matrix of the values
of the Yn functions evaluated at the point
under consideration, and a dot denotes a
scalar product.
It is assumed that the set of Y functions
n
are capable of representing any deflection
configuration in the interval 0 < 71 < 1. The
functions Y-1, Y1, Y3, ... are considered to
be symmetric about ri = 1/2, whereas Y , Y2'
Y4' ... are considered to be antisymmetric.
If Y and Y represent a pair of symmet-
ric and antisymmetric functions, then
1 1 1
f Y dI= Y' Y' d= Y" Y"I d-n = 0n s n s n s
(1-22)
1
b Pf m n d 2 sin Yn(1 )si mr 1n(E1i
(1-19)
and, therefore, Equation (1-18) becomes
2 Pa3 sin mnS1
mn Yn 1)it Db m
(1-20)
The solution of the system of equations
(1-16) gives the values of a , which are then
used to determine the deflection component
W = w sin mit. In general, Equations (1-16)
m m
are solved for as many values of m as may be
necessary in a particular application. The
total deflection, w, of the structure is then
If, in addition, the structure is symmetric
about the longitudinal centerline, i.e.,
i = I - -i
I p-i
k. = k .I p-i
for all values of i, then
p p
(Yn i(Ysi k (Yn) i (Ysi. 0
i=o i=o
(1-21
0-24)
From Equation (1-17) it follows that, for such
a pair of functions, fmns = 0 and, therefore,m, ns
the elements of [Fm] form a checkerboard
pattern, with every other element in each row
and each column equal to zero. The non-zero
elements of [Fm ] correspond either to symmetric
or to antisymmetric pairs of functions. The
matrix [Fm can, therefore, be split into two
submatrices, one formed by the symmetric
functions and the other by the antisymmetric
functions. The unknown column matrix (A ) in
Equation (1-16) can then be determined more
conveniently by solving the two sets of
equations separately.
1.2.4 Reciprocal Relations
From Maxwell's theorem of reciprocal
deflections it follows that the deflection of
the structure at point 1 (Q II1) due to a
load P applied at point 2 Q(2,12) is equal to
the deflection at point 2 due to the same load
P applied at point 1. Moreover, for a plate
having two opposite edges simply-supported, it
has been shown that the curvature in the
direction of the simply supported span,
w 1 2w2  
- a2  2' at point I due to a load P
5x2  a2 5j2
applied at point 2 is equal to the correspond-
ing quantity at point 2 due to the same load
applied at point 1.
It is the purpose of this section to show
that, even for the approximate method of analy-
sis used in this study, these relations hold
true regardless of the nature of the Y
functions considered or the number of
functions used.
The coefficients a corresponding to a
mn
load P at point I are obtained as solutions of
the equations
[Fm ](Am ) = (Bm )l (1-25)
which, by making use of Equation (1-20), can
be rewritten as
S2Pa 3 sin mn 1,
-4Db m
The matrix (Am 1 may now be expressed as
(A 2Pa 3 sin mvtI
Am 1 _ Gm] { n(Td1)
v Db m
(1-26)
(1-27)
where [Gm ] is the inverse of [Fm]. The
resulting deflection at point 2, w2,1, is
obtained by substituting Equation (1-27) into
Equation (1-21),
2Pa3  1
w2, =P- - sin m I ln sin
i Db m m
(1-28)
The deflection of the structure at point I due to a load P at point 2
may be expressed in similar manner as
w1,2 2 m 3 1  sin mitt sin mit 2 [Gm  {Yn(2) n( 1)
ii Db m m
(1-29)
If A is a symmetric matrix, and X and Y
are column matrices, it can readily be shown
that
AX.Y = AY.X (1-3
Since [Fm] in Equation (1-25) is symmetric,
its inverse, [G ] is also symmetric. From
Equation (1-30) it follows then that,
0) [Gm{v (n )} {1 n 2 )} = [G ]{Yn(n2)} {Yn ( 1 )}
(1-31)
mi2 [Gm Yn( ) Yn( 2)
Therefore, Equations (1-28) and (1-29) are
identical, i.e.,
w2,1 = 1,2 (1-3:
The general expression for the curvature
2
in the a-direction, (-2), is obtained
Bx2 '
from Equation (1-21) by differentiation.
Noting that
2) 52w_ 1 2w _ 2 2,2) 2 2 w - L m22 Am Yn(}) sin m,
;x a2  2 2
a m (1-33)
and making use of Equation (1-27), one
finds that
2w) 2 Pa 71
-2 I -2 Pa . sin mv 1  sin
2,1  m
2w ' 2- Pa sin mit sin
1,2 m
ml2 [Gm ]{n (T)} { n (12 )}
ma2 [Gm ]Yn ((2 Yn ( I )
where the subscripts (2,1) and (1,2) have the
same meaning as in Equations (1-28) and (1-29).
By virtue of Equation (1-31), it follows now
that
2d 2w 
(1-36)
x2, ,2
1.2.5 Deflection Functions Used
In the present study, the Y functions
were taken as follows:
S1 for n = -1
V 0.5 - T for n = 0 (1-37)
sin ngTn for n > 1
Note that, Y_ , Yl, Y 3 ... are symmetric and
Y o Y 2 Y4, ... are antisymmetric with respect
to the longitudinal centerline of the structure,
q = 0.5.
The elements of [Fm ] corresponding to
these functions are obtained by substituting
Equation (1-37) into Equation (1-17). The
results for a symmetric structure are
summarized in the following table. (See p. 4 5.)
The elements for the first four symmetric
and the first four antisymmetric functions are
also tabulated in Tables I and 2, given at the
end of the text. In the derivation of these
equations it has implicitly been assumed that
X. and k. are finite quantities.
2. ANALYSIS OF DYNAMIC PROBLEM
2.1 CHARACTERISTICS OF STRUCTURE AND VEHICLE
The structure analyzed is the same as
that considered in the static analysis pre-
sented in the preceding chapter. In addition
to the assumptions made previously, it is
assumed that the mass of the slab is uniformly
distributed, and that the mass per unit of
length of the beams, although it may vary
from one beam to the next, is constant for any
one beam.
The vehicle is represented by a single-
axle, two-wheel loading consisting of a sprung
mass and two equal unsprung masses, as shown
in Figure 3. The center of gravity of the
sprung mass is assumed to be located halfway
between the supporting springs. The springs
(1-34)
(1-35)
ELEMENTS fm,ns OF MATRIX [Fm ]
Values of Expression for f
n and s m,ns
(a) Elements Corresponding to Symmetric Functions Y
n
P
n = s = -1 1 + > \
i=o
P
n = -1; s -1 -2 + X . sin (si t)
i=o
1 ]i 2ni 2 i
n s -1 1 + (m)2 + sin 2 (ni ") + 2" cos 2 (n -)]
Si i. ns k.
n 0 s ? -1 \. sin (n+-2) sin (s- ) + 2 cos (na- ) cos (sit
S-i p  p  (mc) p  p
(b) Elements Corresponding to Antisymmetric Functions Yn
n = s °0 + +_ i 2 + 2
.
2 (mc) 2  . L it (mc)2
i p .- sk.
n = 0; s ? 0 - + ( ) sin (s-) cos (s -
sit z i 2p p it(mc) 2 p
r+ n2 2 p n 2 k
n -s f 0 1 + 2m + i sin2(ngn + cos2 (ni m)
n Z s f 0 i sin (ni-) sin (sa- +(m- cos (n- ) cos (si)
I~O
are considered to be linearly elastic and to
have identical stiffnesses. Damping for both
the vehicle and the bridge has been neglected.
2.2 GENERAL DESCRIPTION OF METHOD OF ANALYSIS
The analysis of the problem involves:
(a) The determination of the instantane-
ous values of the interacting forces between
the vehicle and the structure, and of the
inertia forces due to the mass of the struc-
ture, and
(b) The computation of the deflections
and bending moments produced in the structure
by these forces. The latter step is a problem
of statics, and has been discussed in detail
in Chapter II (Appendix 1). The problem of
dynamics, therefore, consists essentially in
determining the instantaneous dynamic forces.
The method used to analyze the dynamic
problem is an extension of that used in the
preceding chapter to study the static problem,
and utilizes the approximation employed by
Inglis in analyzing the dynamic effects
produced by moving loads in simply supported
beams.
The dynamic deflection configuration of
the structure is expressed as
w 
= 
w sin ~T f n(t) Y (1 ) (2-1)
n
where w - the deflection of any point of
the bridge at any time, due to
the static and dynamic effects
of the vehicle
w = a quantity with the dimension
of deflection, chosen arbitrarily
as Wa3 /(E b io
W = total static weight of the
vehicle
(Eb Ib)io = flexural rigidity of a
reference beam
f (t) = dimensionless coefficients that
n
are functions of time; these
are the generalized coordinates
for the bridge
Y (T) = dimensionless functions of T,
as previously discussed.
It should be noted that the instantaneous
deflection configuration of the structure in
the longitudinal direction (Q-direction) is
assumed to be a half-sine wave. This is the
same assumption as that used by Inglis for the
beam problem and amounts to considering only
the term m = 1 in Equation (1-21).
On comparing Equations (2-1) and (1-21),
one observes the following:
1. The assumption made regarding the
dynamic deflection configuration in the
transverse direction is the same as that used
for the static problem.
2. The time-dependent coefficients f n(t)
in Equation (2-1), correspond to the
coefficients C n in Equation (1-21).
3. In the special case where a single Y
n
function representing a uniform deflection is
used, the problem considered here is identical
to the one studied by Inglis. The govern-
ing differential equations, obtained and
presented later in this chapter, when simpli-
fied by using a single Y function, yield, in
n
fact, the equations obtained by Inglis; this
relationship is discussed in detail in
Article 2.4.3 of this chapter.
The coordinates used to specify the
configuration of the sprung mass are the
vertical displacement of the center of gravity
of the mass, z, and the rotation of the mass
about an axis normal to the transverse vertical
plane, u (see Figure 3). The vertical
positions of the unsprung masses are deter-
mined by the configuration of the bridge.
Thus the total number of generalized coordi-
nates of the bridge-vehicle system is equal to
the number of f (t) functions used in
n
Equation (2-1) plus the two coordinates z and
u used for the vehicle.
The vehicle is considered to be attached
to a Galilean reference frame that moves along
the bridge with a constant velocity, v, in
such a way that the unsprung masses and the
center of gravity of the sprung mass can move
only vertically with respect to the reference
frame, and the sprung mass can rotate only
about an axis that is parallel to the bridge
and passes through the center of gravity of
the sprung mass. The restrictions on the
motion of the elements of the vehicle represent
time-dependent constraints. The system under
consideration possesses a time-dependent
potential energy function, or a pseudo-
potential energy as it is sometimes called,
and it is possible to formulate the equations
of motion by application of Lagrange's
equation
- ( -q) -7q +  = 0 (2-2)
in which V = the strain energy of the system
U - the potential energy of the
gravity forces
T = the kinetic energy of the
system
qn = the nth generalized coordinate
of the system
dq n
n dt
2.3 ENERGY EXPRESSIONS
The datum of zero energy level for the
system is defined by the following conditions:
the structure is in an unstressed position,
and the springs of the vehicle are undeformed.
Let w2 represent the deflection configura-
tion of the bridge when loaded with its own
weight; this deflection is measured from the
unstressed configuration of the bridge. Then
the total deflection of the bridge, measured
from its unstressed position, is (w + w2 ).
The dead load deflection configuration, w2 ,
can be represented in a form analogous to
Equation (1-21) as
w2 
= w 8( mn Y ) sin mnsS o mn n
m n
(2-3)
where 5 are constant dimensionless coeffi-
mn
cients. In the following development, only
the term m = 1 will be retained. The resulting
expression
w2 wsin nt 8 n Yn() (2-4)
is then analogous to Equation (2-1). The
higher terms are irrelevant in this case, as
they will only increase the energy of the
system by a constant.
2.3.1 Strain Energy
The total strain energy of the system, V,
is written in the form
V = V +V + V
s b sp (2-5)
where V , V , and V are the strain energies
of the slab, of the beams, and of the springs,
respectively.
For zero Poisson's ratio, V is given by
the equation
1 2 
2  22
0 t
V= Dab/
Vs o2a
0
c ( /2
(2-6)
+ I (w dtd2
1c 4 2( did,( \2T)
Substituting Equations (2-1) and (2-4) into
Equation (2-6), gives
4  (fn+n )(fs+s ) l
n s o
+ 2 - 2 (f + 6 )(f +s)2 ,L, n n' s s
n s
+ (f + )(f +6 S)
C
n s
1
sin 2 ii d Yn Ys di
0
1 1
f cos 2 it ds f Y' Ys di,
0 0
1 1 -
f sin 2  ~t d f Y" Y" d i
o 0
where, as before, a prime superscript on Y
denotes one differentiation with respect to rl.
Letting
A = Y Y dI + 2 Y' Y' d
ns n s n s
0 o0
I I
+ 
-- 
- 1' Yn sda
1C 0
The strain energy of the beams is given
by the equation
S (Eblb) i
b 2a 3 0 I0
(2-8)
and evaluating the integrals involving the
ý-coordinate, one obtains
V 4D ab 2
V = D -- w2  -, Ans (fn +8 ) (f +6 )
a n s (2-9)
Note that A = A
ns sn
+ (GbJb)i  I 2( w )2 d2 d di)
2ab2 f dJd .
0
(2-10)
By substituting Equation (2-1) and (2-4) into
Equation (2-10), one obtains
n
4 D ab 22 p (
b 4 4 0 Y i n(fnn  (f s+s n i s i
i=o n s
+ -12 n ( n sS) (Yns ) i (Ys
cn sn s
where (Yn ) is the ordinate of the function Yn
at the location of the ith beam and X. and k.
I I
are dimensionless parameters defined previously
by Equations (1-10) and (1-11).
V Dab 2
s 2a4
(2-7)
(2-11)
The strain energy of the springs is given
by the equation
V =- k z+z (W+W +(-1) j ub
j=1 l
(2-12)
in which the bracketed quantity is the total
th
compression in the j spring, and
k = the spring constant for one spring
z = the initial static compression of a
spring
z - the dynamic vertical displacement of
the center of gravity of the sprung
mass, measured from the static
position of equilibrium (See Figure 3)
u = the dynamic rotation of the sprung
mass in the transverse vertical plane,
measured with respect to the static
equilibrium position (See Figure 3)
wI = a deflection function representing
the deviation of the deck of the
bridge, when loaded with its own
weight, from the horizontal plane
passing through the supports. It is
positive when downward. This
quantity is equal to the sum of the
dead load deflection configuration
and the configuration representing
any possible unevenness of the
unstressed bridge.
bI = one half the distance between the
wheels
(w+wl). = (w+wl) evaluated at wheel j.
Assuming arbitrarily that t = 0 when the
vehicle enters the bridge, one can write
S. aj a (2-13)
in which
Ei = a-coordinate of either wheel
v = speed of the vehicle along the bridge
Substituting Equations (2-1) and (2-13) into
Equation (2-12), gives
2
Vsp k z+zs- ( j + (-)j ub
j=1
- w sin V f (Yn)
n
(2-14)
2.3.2 Potential Energy of the Gravity Forces
The potential energy of the gravity
forces is written in the form
U = U + U + U + U (2-19
s D sp
where U , U , U , and U are the potential
energies of the slab, of the beams, of the
sprung mass, and of the unsprung masses,
respectively.
The potential energy of the weight of the
slab is given by the equation
I 1
Us = -pgab f f (w+w 2 ) dtd 1
0 0
(2-16)
in which ip is the mass of the slab per unit of
area. By substituting Equations (2-1) and
(2-4) into Equation (2-16), one obtains
U - 1 pgab w (f~ Y+ d,
s i o n n n
n o
(2-17)
The potential energy of the weight of the
beams is given by the equation
1 p
Ub = - ag ( mbi (ww 2 ) i dE
0 -=0
(2-18)
in which (mb ) i is the mass per unit length of
the i beam. By substituting Equation (2-1)
and (2-4) into Equation (2-18), one obtains
P
Ub - ag wo (mb) i (f +5 n)(Y n)
i=o n
(2-19
The potential energy of the sprung mass
Usp = - Mg(z+zs)
sp (2-20)
where M = the sprung mass.
The potential energy of the unsprung
masses is
2
Uu = - mg z (w+w
j=1
(2-21)
where m = one unsprung mass. By substituting
Equations (2-1) and (2-13) into Equation
(2-21), one obtains
2
U - mg z [(w ). + w sin "at f (yn)
j=1 n
(2-22)
2.3.3 Kinetic Energy
The total kinetic energy of the system is
expressed in the form
T = T + T + T + T
s b sp
(2-23)
where T , T , T , and T are the kinetic
s b sp u
) energies of the slab, of the beams, of the
sprung mass, and of the unsprung masses.
The kinetic energy of the slab is
Ts = Iab d d)
2
0 0
Noting from Equation (2-1) that
^w s ( d f nt w sin Ti ( ) Y
n
(2-24)
(2-25)
and substituting this equation into Equation
(2-24), one obtains
Ts = iab w2 Z
n s
f' f' Y Y dý
n s n s
0
(2-26)
df
where f' - n
n dt
The kinetic energy of the beams is
obtained in a similar manner:
2/w 2 1 2(mb) i \a )t. d - -4 aw0
p
(mb) I f n f s (Yn) i(Ys) i
i=0 n s
Note that the kinetic energy of the beams due
to their torsional motion is neglected.
The kinetic energy of the sprung mass is
given by the equation
(2-28)
in which J is the polar moment of inertia of
the sprung mass about an axis through its
center of gravity and normal to the transverse
vertical plane.
The kinetic energy of the unsprung
masses is
2 2
T = I m X [ (w+w) j]
j=l
(2-29)
pt
Tb =
i=o o
(2-27)
I
Tsp =2 2 + J )
It is to be noted that
dT (W+W -= w d Wdt 1) [Tt dt +- t Id• dt j.
2
Tu = m \ j
j=l
and that - = - . By substituting thesed t a
expressions into Equation (2-29) and using
(2-30) Equation (2-1), one obtains
+ w n
oZ (f n
n
sin t + Lv f cos a(Y (a a n a n (2-31)
2.4 GOVERNING DIFFERENTIAL EQUATIONS
The differential equations governing
the motion of the bridge-vehicle system are
obtained from Equation (2-2) by substituting
the energy expressions derived in the preced-
ing article. The number of equations thus
obtained is equal to the number of generalized
coordinates used to define the configuration
So
s
+ wo -
S
05_
S 2 Yn s 2d (mb)
0 i =0
of the system. The detailed derivation of
these equations is presented in the Appendix.
The final equations are summarized in the
following paragraphs.
2.4.1 Dimensional Form of Equations
The equation corresponding to the n
generalized coordinate for the bridge, fn, is
2
i(Y i(Y + m sin 2 iv.t (n)j(Y
j=1
2 
f 2m( ) (Yn )(Y sin V cos
j=1
f t4Dab ( [A  P( k. ' 1:22L7 -2 n s  'i (Yn i s i 22 (Yn(a  i=0  i=0  Tt c
2 2
+ k sin 2 vt2 )(Ys ( m() 2 sin2 vt (Yn(Y
j=1 j=1
- sin -v (Yn j + k z - (wl) + (-l)J ub
a I
J ,
2 2 2W
- mg sin (Yn)j + m() 2 sin - (Y) ( - = 0
j=1 j=1
(2-32)
The summations on s should extend from s = -1,
to s = nl, the maximum value of n used in
Equation (2-1).
The differential equations for f- , fo
... f are obtained from the above equation
by replacing n by -1, 0, ... nl. There will
be a total of nI + 2 such equations.
The equation corresponding to the
z-coordinate of the vehicle is
2
Mz" + k [•-(w)j- wosin - fs(Ys)j] = 0
j=1 s (2-33)
and the one corresponding to the u-coordinate
is
2
Ju" + kblX(-l)J (-)Jubl - (w1 )j
j=l
- W sin !V fs (Ys)j = 0
0 a Z_ s' s j]
It can be seen that in these equations
the roadway surface unevenness function, wI,
appears only as (w )., i.e., with its
ordinates evaluated at the transverse location
of the wheels. That this should be so is
physically apparent.
In what follows, the variation of the
functions (wl). in the ý-direction is assumed
to be sinusoidal, i.e.,
= 2m
2m + M
(m b) i
bI p
pb + E (m )i. b i
v Tb
= 2a
Unsprung weight
-of vehicle
Total weight
of vehicle
- Weight of it h beam
Total weight
of bridge
(2-36)
(wl) = w e. sin m nI
where e. (j = 1 or 2) are dimensionless
quantities and w e. denotes the amplitude of
oj
the unevenness. The quantities eI and e2 may
or may not be equal; they may also be positive
or negative. The quantity mI is a positive
integer.
2.4.2 Dimensionless Form of Equations
Let
Total weight
2m + M of vehicle
p Total weight
a[lb + i o (mb)] of bridge
K (f 2 = ()2
fb Tv
in which
fb = the fundamental natural frequency
of the bridge evaluated on the assumption that
it acts as a beam
f = the natural frequency of the vehicle
for vertical motion on its springs.
These frequencies are given by the equations
P
2 1 2 Db +EO (Eblb).
b T 2  4 p
b 4  ib + E (m ).
i=o b i
2 1 1 2k
v T 2 4 2 M
(2-37)
(2-34)
(2-35)
In addition, let
vt
a
p (T) = f (t)
(T) = z (t)w
W
0
By differentiating these equations, one
obtains the relations
f' =
s a
z' v
w ao
S p = (v) 2 ,,
s a s
.z" (v) 2,,
w a
0
u'b
w0
u"b ()
w0 (2-39)
in which a prime superscript on f , z, and u
denotes one differentiation with respect to t,
(2-38) and a prime superscript on cs, , and e denotes
one differentiation with respect to T.
Now my multiplying Equation (2-32) by
Tb 1__
2w p
o0 ab + a E (mb)
i=o b i
making use of Equation (2-35), and introducing
the dimensionless quantities defined by
Equations (2-36) through (2-39) and Equations
(1-10) and (1-11), one may reduce Equation
(2-32) to the form
V" (B + C sin2 AT)
s ns ns
+z sp (E + Fn
s ns ns
+ Tp' D sin 1T cos xT
s s ns
s
2
sin xt) + H sin tr
n
(2-40)+ L (f, 0, T) + R sin Tr sin m lT = 0
Bns 2  - 7 Yn Y  dI + 7 (Y ( Y i
Si=o o0 i =o
2
Cns • 2v' Z n(Yj s
j=1
2
D = 2a 2itvW (Y ) .(Y )
ns L.,2 nj sj
j=1
ns p ns + i(Yn) i(ys)i + A k (Y 2 s)i
ns pL is 'n'is i -c i 
1 + E k. i=o i=o
i=o0
where
2F ns 2 v[K( - ) - 2 (Y Yj sj
j=1
Hnio (YnjHn - 2 p j-
1 +.Z X. j=l
1O .0
2
Ln = - x
2 Kv(I - W)sin ai r (Y n)
j=l
[I + (-I)Je]
2
Rn = 72 v K(1 - W) - a2m 1 2] ej (Yn)
j-1
The quantity .io in the expression for Hn
represents the flexural rigidity factor of the
reference beam used in defining the quantity
w in Equation (2-1).O
In a similar manner, Equations (2-33) and
(2-34) may be reduced to the following
forms:
2 2
2aC2 " + x2K [2t - sin m 1 x e. - sin - (PsY (s)j. = 0
j=1 s j=1
2 2
2 2p + it2K [2e - sin mlit Z (-1)Je - sin nr cPZs (-l1)(Ys) = 0
j=l s j=l
Mb21
Equation (2-41) is obtained from Equation
(2-33) by multiplying it by Tb/(Mwo), and
Equation (2-42) is obtained from Equation
(2-34) by multiplying it by Tb/b Mwo).
Equations (2-40) through (2-42) form a
system of second order, linear differential
equations with variable coefficients, the
number of equations being equal to (n1 + 4),
the number of generalized coordinates used.
where
(2-41)
(2-42)
(2-43)
2.4.3 Reduction of Governing Equations
for Beams
Since a beam has no transverse dimension,
in Equation (2-1) it is only necessary to
consider the function Y = 1 and the corre-
sponding generalized coordinate f ; there-
-l
fore, the summation sign on s may be deleted
in this equation and in all other equations
derived therefrom. Note also that Y' =
-l
Y'l- = 0. For convenience in writing, the
dimensionless generalized coordinateDI corre-
-1
sponding to f- will be denoted by c. Since
the vehicle also has no width,
e = e' = e" = 0
Consider the special case in which the
surface of the beam is initially level, i.e.,
e, = e = 01 2
Then the quantities
(2-40) reduce to
B through R in Equationns n
Dns TI2 v = 402 g
ns
Fns = 2 2 v [K(1-) - Q2W]
H 2 ioH -
n V2 p
l + Z. X.
I =0 I
L = - 2n 2 Kv (1-w) ( sin ITc
R =0
n
It is to be recalled that, in defining
the quantity w in Equation (2-1) the flexural
stiffness of the reference beam, (Eb Ib) io,
was used; if instead, the total flexural
stiffness of the structure, El = Db +
p
io (Eb i (i.e., that of the idealized beam)
is used, then the quantity H becomesn
n 2
B = a
ns
C = 2a v2
ns
and Equation (2-40) reduces to
P" [a2 + 2c02v, sin 2 i'tI + 4p' [42v sin iTp cos gT]
+ T [ 2 + 2xt2 v K(1-) - a2 ,) sin2 Itj - sin xn
-t
- 2it2 Kv (l-w)C sin iT = 0
In a similar manner it can be shown that
Equation (2-41) reduces to
a 2 ," + 2K (ý - T sin nT) = 0 (2-45)
In the following, these equations will
be compared to those derived by Inglis,
and by Biggs, Suer, and Louw.(4)
(2-44)
Inglis' equations for the same case , expressed in his own notation, are
d-f (MG + M - M cos 4int) + 2g ýf (2n M sin 4nt) + 4it2 f (n2 MG - n2M + n2 M cos 4nnt)
dtd2 G u dt u o G u u
2
= - 2M - sin 27tnt
s dt2
(2-46)
2d- + 4(2n 2 z = 42n2 f sin 2nnt
dt2 s s
(2-47)
The relationship between the notation
used by Inglis and that used in this report is
shown in the following table.
Equation (2-44) can be transformed into
Equation (2-46) by taking H = 0 (this means
that the gravity forces are not taken into
account), making use of Equation (2-45),
multiplying Equation (2-44) by 4fb Mb, and
changing notation. The identity of Equations
(2-45) and (2-47) can be shown simply by
multiplying Equation (2-45) by 4 f and
changing notation.
By assuming arbitrarily that
D = 0
ns
(2-48)
F = 2n 2 vK (1 - ) (2-48)
ns
Equations (2-44) and (2-45) can be transformed
into the equations derived by Biggs, Suer,
and Louw. (4 ) This assumption amounts to
neglecting the effect of the translational
motion of the unsprung mass on its vertical
acceleration; in Reference 4, this was
assumed implicitly. It is to be noted that
Equations (2-48) are exact if the unsprung
mass is equal to zero.
Present Notation
P
Mb = iab + a (mb) i
i=o
M
2m
v
2a
2
b
f2
v
k = 2k
v
f 2
K = (-)
b
w
(V)wo
v 2) wil
v(l - W)
Inglis' Notation
MG
Ms
M
u
2 it ElI
no 4-4 MG
2 1 s
s  2 Ms
k
s
n
n
o
n 2
s)o
0
2nt
f
df
dt
d2f
dt
2
M
G
Inglis' equations include also the effects of
a moving alternating force and of damping.
These factors are omitted here. It
should be noted, however, that the effects
of the gravity forces are not taken into
account in Inglis' equations.
z = W O0
2.5 COMPUTATION OF RESPONSE
The procedure used to evaluate the
dynamic response of the bridge-vehicle system
may be summarized briefly as follows: First,
the governing differential equations of motion
are solved to determine the values of the
generalized coordinates and of their first
two derivatives. Next, the interacting forces
between the vehicle and the bridge, and the
inertia forces of the bridge are evaluated.
Finally, the dynamic deflections and bending
moments induced in the bridge are determined
from the dynamic forces acting on the bridge,
instead of directly from the generalized
coordinates computed in the first step.
2.5.1 Solution of Governing Differential
Equations
The system of Equations (2-40) through
(2-42) are solved by means of a step-by-step
method of numerical integration. The time
required for the vehicle to cross the span,
0 < T < 1, is divided into a number of small
intervals, and the governing equations are
"satisfied" only at the ends of these
intervals.
Let qn represent a dimensionless
generalized coordinate -- it may refer to the
bridge or the vehicle -- and qn and qn repre-
sent its first and second derivatives with
respect to T. The values of these quantities
at 7 = 7 will be identified with the sub-
r
script r separated from the subscript n by a
comma. Let it be assumed that the values of
qnr' n,r and nr are known for each
generalized coordinate of the system, and that
it is desired to find the corresponding values
at T = T r+l = + A in which A, is a short
interval. The following procedure may be used.
Suppose that an assumption is made regarding
the manner in which the second derivatives
vary within the interval from 7 to T .r r+1
Then the quantities 1' and ar+ may be
expressed in terms of the known qn,r qn,r
and f n.r and the still unknown q n,r+. These
quantities may then be substituted into the
differential equations of motion to obtain a
system of linear algebraic equations involving
the quantities n,r+l as the only unknowns.
The number of unknowns will be equal to the
number of generalized coordinates used. The
solution of these equations will yield the
values of 4 n,r+. However, the resulting
equations are in general fairly involved, and
in this study an iterative procedure was used
to integrate the equations within each time
interval.
The variation of qn within the time
interval AT was considered to be linear; with
this assumption, the expressions for n,r+l
and q n,r+ become
n,r+1 nr 2 n , r  n,r+l
(2-49)
qn,r+l n,r n,r
+ ) .2 + )2 ..3 _ n,r 6 n,r+l
(2-50)
The iterative procedure may now be summarized
as follows:
1. Assume that the second derivatives
of the generalized coordinates at the end of
the time interval are the same as those at
the beginning of the interval, i.e.,take
nr+ = 4 , and by application ofn,r+l n,r'
Equations (2-49) and (2-50) evaluate n,r+l
and q .nr+l
2. Substitute the values of qn,r+l and
qn,r+l thus obtained into the governing
differential equations, and by solving the
resulting system of algebraic equations,
obtain improved values for n,r+
3. From Equations (2-49) and (2-50)
calculate the values of n,r+l and q
corresponding to the values of * n,r+l just
determined.
4. Repeat Step 2 by using the latest
available values of n,r+l and qnr+
n,r+1 n,r+1
5. For each generalized coordinate
compare the newly derived value of n,r+l with
the previously available value. If the
difference between the two values for each
coordinate exceeds a prescribed tolerance,
repeat Steps 3 through 5, until all differ-
ences are less than the prescribed tolerance.
The algebraic equations are then considered
to be solved, and the integration for the time
interval from r to T r+ completed. If
desired, the values of the dynamic forces
acting on the bridge, and the effects pro-
duced in the bridge by these forces may be
calculated at this stage before proceeding to
the next time interval.
Initial Conditions
The initial values of qn and n must be
known f6r each generalized coordinate so that
the integration procedure may be started. The
initial values of the second derivatives 1n
are determined from the governing differential
equations by substituting the specified values
of qn and n for T = 0 and solving for if .
Choice of Time Interval
The time interval AT used in the numeri-
cal procedure should be small enough so that
successive cycles of iteration converge and
the solution be stable. For the particular
procedure used, it has been shown that both
the convergence and the stability criteria are
satisfied if
At = - AT < 0.389 T
v (2-51)
where T is the shortest natural period of
vibration of the system; the system, here, is
the bridge-vehicle combination, idealized in
the manner described in the preceding
sections. Numerical values for the natural
periods of vibration of multigirder bridges
have been reported in Reference 2.
2.5.2 Computation of Dynamic Forces Acting
on Bridge
The static value of the interacting
force for each wheel is obviously one-half
the total weight of the "vehicle" or W/2. The
dynamic increment of the interacting force for
the jth wheel may conveniently be stated in
W
the form A. W where A. is a dimensionless
J 2 J
factor. Now let
(2-52)
where (A1) . the component of A. due to the
dynamic increment of the
compression in the spring.
(A2). = the component of A. due to the
vertical acceleration of the
unsprung mass j.
These quantities may be determined as follows:
The change of force in the jth spring is
( ), W - = k[z + (-1) ubI - (wlW)
(2-53)
By substituting into this equation the
dimensionless quantities defined by Equations
(2-36) through (2-39), and noting that
P
4 1 +.E Xi
kw = Kv(l - 1) ,=o0 W
io
Aj = (A)j + (A2)
P
t1 +.E . I
(A1 = Kv(l-W) o + (-1) .
10
- e. sin m 1 t - sin T Y T (Ys)
The inertia force of the unsprung mass j
is given by the equation
[d2\ 2 / 2w.
(2-55)
in which the bracketed quantity represents
the vertical acceleration of the jth
unsprung mass; this quantity is positive
when downward. By substituting into Equation
(2-55) the dimensionless quantities defined
by Equations (2-36) through (2-39), and
noting that
P
+.2 o i W
10
one finds that
P
2 2 1 +. 0 . (V.
t ,o ,W (Y j)(A2 j 20  si s.
2 2
-e mlt sin m It T
m1I I j
The intensity of the inertia force p due to
the mass of the slab is given by the equation
(2-57)
The inertia force due to the mass of a
beam is a line load. The intensity of this
force for the i beam is given by the
equation
p = -(mb) i
(2-58)=-(mb i W sin Tt fsi(Y
In terms of the dimensionless quantities
given in Equations (2-36) through (2-39),
Equations (2-57) and (2-58) may be expressed
as follows:
(-P - +7 ) 2 = + ,s (" b) sin it
P
S 1 + .
p = 2 it ---. -- PYi (Y ) sin nt
one obtains
(2-54)
sin tv + 2tn s cos it - it c sin itr)
(2-56)
(2-59)
(2-60)
) = '-tW 2 w o sin i t f's Ys\ t 2 -
o
G
2.5.3 Computation of Dynamic Increments of
Deflections and Moments in Bridge
As previously noted, the instantaneous
values of the dynamic forces acting on the
bridge are treated as static forces, and the
effects of these forces are evaluated in the
manner described in Chapter I.
Let D. . = the deflection produced at a
.th
specified point of the i
beam by a concentrated force
W/2 applied at the position
of the j wheel, and
M. . = the bending moment correspond-
ing to D. .i
Then the deflection and bending moment
produced at the same point by the dynamic
increment of the interacting forces are
given by
2
j=l
2
and M. . A.
j=1
respectively.
In order to evaluate the corresponding
effects of the inertia forces of the bridge,
it is first necessary to determine the load
matrix (B m) in Equation (1-16). Since the
distribution of these forces in the longitu-
dinal direction is sinusoidal, only the term
m = 1 need be considered.
The n element of (Bl) is obtained
from Equation (1-18) by substituting Equations
(2-59) and (2-60). Thus
pB =y 0° T"Iln = ns s/S f1 (2-62)
where
s -- (I + (Y ) i
i=0o i=0
+ ( - z ) Y s dj w o
i=o 0
(2-63)
Note that ons = osn
Now let D. = the deflection produced
I,s
at a given point of beam i
by a static load which is
distributed as a sine wave
in the longitudinal
direction, and for which
the nth element of the
load matrix (B,) is given
by Equation (2-63).
M = the bending moment
corresponding to D?
I's
The dynamic increment of deflection for
beam i, (AD)., can now be expressed in the
form
2
(AD) i = E D . A. +
j=1
SDo 0 D"
1,s S (2-64)
and the corresponding increment for moment as
2
(AM) = M. . A. +
j=1
Z MO ' 'i,s s
s
(2-65)
pr
4 1 + . .z P
ma !=o 2 2 |D-
1 n D=0 s
+ 1 - 7 s n s a
* i-o S o
(2-61)
It is important to note that the quanti-
ties, D. . and Mi,j, D and Ms are
independent of the solution of the governing
differential equations of motion. Further-
more, in evaluating these quantities, the
number of Y functions used need not be the
n
same as that considered in the differential
equations of motion. It is for this reason
that the maximum value of n used in the
computation of the static effects has been
denoted by n , whereas the value used in the
equations of motion has been denoted by n1 .
In fact, one of the important features of the
method used is that the value of n may be
much larger than n! . The maximum value of s
to be considered in Equations (2-64) and (2-65)
may differ both from no and nl, and it will be
designated by n2 . Obviously, n2 cannot be
larger than n,. It should finally be noted
that, whereas the deflection configuration of
the bridge in the longitudinal direction was
assumed to be sinusoidal in the formulation
of the equations of motion, this assumption
was not retained in evaluating the deflections
and moments produced in the bridge by the
interacting forces.
2.6 CORRELATION BETWEEN DYNAMIC INCREMENTS
FOR DEFLECTION AND MOMENT
The dynamic increments of the effects
produced in the bridge consist of a component
due to the inertia forces of the structure,
and a component due to the dynamic increments
of the interacting forces.
Let AD be the dynamic increment of
deflection at a prescribed point of beam i,
for any time t, and AM be the corresponding
quantity for moment. These quantities may
be written as:
AD = (AD) 1 + (AD) 2
AM = (AM) 1 + (AM) 2
(2-66)
where the subscripts I and 2 refer to the
first and second components of the effects.
Since the inertia forces of the structure
and, consequently, the resulting effects vary
as a half-sine wave in the longitudinal direc-
tion, the quantities (AD)1, and (AM) are
related by the equation
2
(AM)1 (Eb b) i(AD)
a
(2-67)
whence
(AM) 1 (AD) 1
Wa Wa3/1 2 (EbIb) i
(2-68)
The effects due to the dynamic increments
of the interacting forces can be expressed as
(AD)2 = (AD)2,m
m
(AM) 2 = (AM)2,m
m
where (AD)2  and (AM)2 are the deflection
,m ,m th
and moment produced by the m term in a
Fourier series expansion of the instantaneous
values of the interacting forces. By
considering only the first term in this
series, one obtains
(AD)2 = (AD)2,1
(2-69)
(AM)2 (AM)2,
and by analogy to Equation (2-68), one
concludes that
(AM) 2  (AD) 2
Wa 
~ Wa3/, 2 (Ebb) i
(2-70)
From Equations (2-66), (2-68), and (2-70),
is now follows that
AM . ADua ~ -- Z 2D 
-(2-71)
Wa Wa3 /,2 (EbIb) i
Numerical solutions presented later in
this report show that Equation (2-71) is
generally quite accurate.
2.7 PROBLEM CONSIDERED FOR SOLUTION
ON ILLIAC
2.7.1 General
The computer program has been developed
for the class of bridges considered in
Article 2.3 of Chapter II (Appendix 1). The
roadway surface unevenness is represented by a
trigonometric function in the longitudinal
direction, as discussed in Article 2.4.1.
The load unit may consist of one or two
wheels.
The program provides results for the
complete history of the response of the
system, by printing out the crawl or static
values of the deflections and moments in the
beams at midspan, the corresponding dynamic
increments, and the dynamic increments of the
wheel reactions.
2.7.2 Summary of Problem Parameters
The following dimensionless parameters
are used to define a problem.
Bridge Parameters
1. The ratio of sides, c. This is the
ratio of the overall width of the structure,
b, to the span length, a.
2. The number of beams, p + 1.
3. The flexural rigidity factors, X
and %,, for the interior and exterior beams,
respectively.
4. The torsional rigidity factors, kO
and k,, for the interior and exterior beams,
respectively.
5. The dimensionless mass parameters,
7 and 71, for the interior and exterior
beams, respectively.
6. The roadway surface unevenness
parameters, ml, e1 , and e2 , defined by
Equation (2-35).
Vehicle Parameters
7. The transverse position of the
vehicle on the bridge, as specified by the
T-coordinates of the wheels, l, and T2'
8. The parameter P for the moment of
inertia of the sprung mass, defined by
Equation (2-43).
9. The weight parameter w, defined by
Equation (2-36).
Bridge-Vehicle Parameters
10. The speed parameter a, defined by
Equation (2-36).
11. The weight ratio, v, defined by
Equation (2-36).
12. The frequency parameter K, defined
by Equation (2-36).
Parameters Related to Method of Solution
13. The parameter m0 which specifies
the maximum number of half-sine waves con-
sidered in the longitudinal direction in the
computation of the static effects.
14. The parameters no, nl, and n2 ; these
specify the numbers of Y functions used for
various purposes: (See Article 2.5.3).
15. The number of integration steps, N,
and the number of steps between print-outs, N1 .
Initial Conditions
16. The initial values of cP, s , and 0,
and of P', t', and e'.S'
For a bridge cambered so that, under the
action of its own weight, its surface is
horizontal, the quantities e1 = e2 = 0. If
the bridge is not cambered, the effect of the
dead load deflection of the structure may be
considered approximately as follows. The
deflection in the longitudinal direction may
be represented by the first term in a Fourier
series expansion, and the configuration in the
transverse direction may be considered as
uniform. Then
m, = 1
4 o0
e1 = e2 = + P
S1 +.S 
iI=0
(2-72)
The initial dynamic displacement of the
sprung mass of the vehicle in the vertical
direction, z , is usually expressed as a
fraction of the static value of the deflection
of the mass, z . The initial value of the
dimensionless coordinate ý may then be deter-
mined from the equation
z
= (2) s
5
(2-73)
where
p
I 4a4 gapb + io (mb i]
e1 2 w 5 P
o Db + .Z (EbIb).
In terms of the dimensionless quantities
defined in Equations (2-36) to (2-39), the
latter equation becomes
_ _= _M __ 1
s w 2kw Kv 4 p .o o Kv 1 4+ .Z \
I=0
(2-74)
The initial value of the dimensionless
coordinate e can be determined in a similar
manner.
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